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Abstract— Planar Catadioptric Stereo vision sensors (PCS)
combine a pinhole camera with two or more planar mirrors.
PCS have recently received an increasing attention since a
stereo view can be easily obtained without the need of exact
multi-camera synchronization and calibration. In this paper
we present a rigorous analytical treatment of the imaging
geometry of PCS, propose new mirror calibration algorithms
and introduce new multi-view properties that can be used
for eye-in-hand camera localization. The effectiveness of the
algorithms is shown via extensive simulation and real-data
experiments on a robotic manipulator.

I. I NTRODUCTION
A. Motivation and related works
Stereoscopic vision has been playing a leading role in
many fields, such as, e.g. 3-D imaging for entertainment
and mapping, medicine, industrial robotics and augmented
reality [1], [2]. Standard stereo sensors are composed by two
coupled pinhole cameras and are generally expensive as well
as difficult to synchronize and calibrate. In addition, the
limited field of view considerably restricts their applicability
domain. Several works have recently proposed the use of
catadioptric vision sensors [3]–[6], which, combining both
refracting (lens) and reflecting (mirrors) elements, naturally
enlarge the field of view of classic pinhole cameras.
By using mirror reflections of a scene, stereo images can
be captured with a single camera (catadioptric stereo). Single
camera stereo has several advantages over traditional twocamera stereo: first, only a single set of internal camera
calibration parameters needs to be determined. Second, no
additional software or hardware is needed for exact camera
synchronization [7].
This paper focuses on a special class of single camera stereo systems called planar catadioptric stereo vision
sensors (PCS), consisting of a pinhole camera and two
(or more) planar mirrors [8]. Industrial robotics could benefit
from PCS: in fact, multiple planar mirrors disposed in the
workspace, could be used to improve the pose accuracy
of an eye-in-hand robotic arm performing high precision
assembling and close manipulation tasks.
In [9], the authors carried out the first geometric study
on 3-D reconstruction using reflective symmetry induced
by planar mirrors. Several PCS have been designed and
implemented in the last few years (see, e.g. [10], [11]) and
some preliminary results on the geometry and calibration
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Fig. 1. PCS experimental setup composed of a pinhole camera mounted
on the end-effector of a robotic manipulator and two planar mirrors.

have been recently presented by Gluckman and Nayar in [12]
(see [13] for the case of camera networks). The same
authors have studied the set of constraints to be satisfied
in order to obtain rectified stereo images from a catadioptric
system [14]. An affine approximation for epipolar-based PCS
rectification has been lately proposed in [15].
From the previous overview, we see that although some
research has been done in this field, the specific properties of
PCS have been addressed only sparsely in the literature and
little attention has been devoted to the application of these
sensors to image-based robot navigation.
B. Contributions
The original contribution of this paper is twofold:
• We propose a rigorous analytical treatment of the imaging properties of PCS composed by a pinhole camera
and two planar mirrors (see Fig. 1) and introduce new
algebraic results and geometric properties in the case of
static and moving cameras (multi-view PCS).
• On the grounds of these results, we propose and compare a suite of original numeric algorithms for mirror
calibration and image-based camera localization that
can be used as the core of a position based visual
servoing strategy.
Extensive simulation and real-data experiments performed on
an eye-in-hand robot are presented in order to illustrate the
theory and show the effectiveness of the proposed algorithms.
C. Organization
Sect. II reviews some basic results on perspective projection through planar mirrors [12]. Sect. III deals with
the single and multi-view geometry for PCS. Sect. IV
presents a suite of algorithms for mirror calibration and
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We introduce now the concept of virtual camera hvi whose
reference frame is simply obtained reflecting hci with respect
to hwi about Π (see Fig. 2).
Proposition 2 (Camera frame mirroring): Suppose given
a planar mirror (nπ , dπ ) and the cameras in hci and hvi
(dashed, in Fig. 2). Then the homogeneous matrix transforming vectors from hvi to hwi is given by
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Fig. 2. Reflection through the planar mirror Π: virtual point X[π] and
virtual camera hvi.

image-based camera localization. These algorithms are
tested via simulation and real-data experiments in Sect. V.
In Sect. VI, the main contributions of the paper are summarized and future research directions are highlighted.
II. P LANAR MIRRORS

AND PERSPECTIVE PROJECTION

A. The virtual point and the reflection matrix
Let us consider the setup reported in Fig. 2 where a
perspective camera hci is in front of a planar mirror Π
described by a normal vector nπ in the world frame hwi ≡
{O; x, y, z} and by its distance dπ from hwi. A 3-D point
e indicates
X , [x y z]T in hwi is in front of the mirror (X
its extension in homogeneous coordinates). For the sake of
clearness and without affecting the generality of our results,
Fig. 2 shows a simplified planar camera-mirror arrangement.
Note that the perspective image u (pixels) of X after its
reflection by the planar mirror Π can be also calculated as
the direct projection on hci of the so-called virtual point X[π]
w
(see Fig. 2). In the next proposition (Rw
c , tc ) denotes the
rigid transformation from the camera frame hci to the mirror
frame hwi.
Proposition 1 (Planar mirror perspective projection):
Consider the setup in Fig. 2. The perspective projection
e = [u v 1]T (pixels) of 3D point X in hwi after its
u
mirroring on Π is given by,
w
[π] e
e = K [Rw
X
λu
c tc ] D

1

tvw

with λ ∈ IR+ ,

where K is the intrinsic camera calibration matrix and D[π]
is the (homogeneous) reflection matrix about the mirror nπ
defined as,
"
#
S[π] 2 dπ nπ
[π]
D =
,
(1)
0T
1
where S[π] , I − 2 nπ nTπ .
Note that S[π] ∈ O(3), det(S[π] ) = −1 and that
(D[π] )−1 = D[π] .

Proof: As shown in Prop. 1,
(from hwi to hvi)
coincides with the reflection of tcw , i.e.,
e
tvw = D[π] etcw .

(3)

Let us now consider the versor zc(c) = [0 0 1]T , where
the subscript indicates that it is the z-axis of the camera
frame and is expressed in hci. We can write e
zv(w) =
[π] c e
D[π] Hcw e
zc(c) and then Mvw e
zhv(v) = D
H
z
w c(c) where
c c i
R
t
T
c
w w . We easily obtain,
zv(v) = [0 0 1] and Hw =
0T  1
T

 v T T
v
[π]
tcw , where
rcw Ti 0 + e
for all i, rw i 0 + etw = D
rvw i and rcw i are the ith columns of matrices Rvw and Rcw ,
respectively. Exploiting the first three rows and using (3)
we get,
Qvw = S[π] Rcw .
(4)
From (4) and (3), we obtain (2).
To highlight the different nature of the homogeneous
matrices in Prop. 2, two symbols, M and H, have been
used: in fact Hcw ∈ SE(3), while Mvw ∈ E(3) being
det(Qvw ) = −1.
Proposition 3 (Virtual camera projection equivalence):
Let u be the perspective projection in hci of a 3-D point X
after its reflection on Π. Then, we have,
u = u[π] ,
being u[π] the perspective projection of X onto the image
plane of the virtual camera hvi.
[π]
Prop. 3 states that the perspective projection u of Xc
(i.e., X[π] centered in hci, see Fig. 2) coincides with the
perspective projection u[π] of Xv (i.e., X in hvi).
Remark 1 (Reflective epipolar geometry): The epipolar
geometry between hci and hvi is well defined, i.e.,
T
e = 0 where the essential matrix
(e
u[π] ) K−T E[π] K−1 u
E[π] = 2 dπ(c) [nπ(c) ]× , with dπ(c) and nπ(c) representing
distance and the normal of the mirror measured from hci1 .
The epipoles on hci and hvi are equal and e
ec ∼ nπ(c) .
III. S INGLE

AND MULTI - VIEW GEOMETRY FOR

PCS

A. Single-view geometry

In this section we will assume to have two planar mirrors
n1 and n2 as in Fig. 3. In this case two virtual cameras hv1 i
and hv2 i exist, as well as suitable epipolar geometry relating
hci with both hv1 i and hv2 i. The generalization to multiple
1 [ · ] is the matrix form of the cross product operator such that for any
×
vectors a and b, a × b = [a]× b.
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Multi-view geometry for the cameras hc1 i and hc2 i.

The camera hci and the virtual cameras hv1 i and hv2 i.

Also, let HR be the homogeneous transformation matrix
c

mirrors is straightforward and it will be not discussed in
[1]
[2]
this paper. Let be given the image points ui , ui , i =
1, . . . , n in hci, projections of a set of n ≥ 8, 3-D points
Xi reflected onto n1 and n2 , respectively (in the present
context, for convenience, the subscript π in n1 and n2 will
be henceforth neglected). Note that, while the subscript i
is the point index, the superscript inside the brackets will
always refer to the mirror number through which that 3-D
point is reflected. From Prop. 2 we can write:
Mvw1
Mvw2

=
=

[1]

D Hcw ,
D[2] Hcw ,

[2]

H

2 n1 nT1

RD = I + 4(n1 ·
−
−
tD = 2 d1 n1 − 2(d1 (n1 · n2 ) + d2 )n2 .

[1]
c2

true: HR , Hcc21 = H

Note that (RD , tD ) only depend on the mirror setup
[1]
[2]
(i.e., n1 , n2 and d1 , d2 ). Since ui and ui in hci are
corresponding, the epipolar geometry between hv1 i and hv2 i
[2] T
[1]
ei F u
e i = 0, where F is the fundamental
does exist, i.e., u
matrix, from which we can compute both the epipoles e1 and
e2 and the epipolar lines [16]. In addition, given the internal
camera calibration matrix K, from F we can compute the
essential matrix E = [t]× R where (R, t) is the rigid body
motion between hv1 i and hv2 i (see Fig. 3). Once E is known,
it can be decomposed to retrieve the rotation matrix R and
the vector t (up to a scale factor), [16].
B. Multi-view geometry
As from Fig. 4, in this section we suppose given two views
hc1 i and hc2 i of a set of 3-D scene points, mirrored through
two planar mirrors.
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Proof: It is easy to verify that the following equalities,
concerning the relative motion between hc1 i and hc2 i, hold

From (14), it yields,
D[2] D[1]
D[2] D[1]

From (7), RD and tD are given by,
n2 ) n1 nT2

c2

(5)

where D[·] is as in (1). By solving (5) and (6) with respect
to Hcw , it yields:


RD tD
[2] [1]
Mvw2 Mw
=
D
D
,
.
(7)
v1
0T
1
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between hc1 i and hc2 i and let H 2[2] , H 2[1] , H 2[1] , H 1[1] be the
c1
c2
c1
c1
four transformation matrices for all the pairs of virtual views.
Proposition 4 (Multiple cameras mirroring): The following equation holds true,
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and, analogously, retrieving Mw[1] from (9) yields,
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[1]
c1

= Hcc21 Mw
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c
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Substituting (12) and (13) in (10) we obtain D[2] D[1] =
c

[1]

c

[2]

Mw2 Hcc12 H 1[1] Hcc21 Mw[1] . Comparing this last equation
c2
c1
with (11), we finally obtain (8).
Note that equation (8) allows the computation of the rigid
motion HR also when the epipolar geometry between hc1 i
and hc2 i is not well-defined (e.g. small baseline case). In fact,
the epipolar geometry between the virtual cameras is always
well-defined by construction.
Proposition 5 (Virtual cameras mirroring): The following equality holds true,
Mvw1 HE = D[2] D[1] Mvw1 ,

(14)



where HE , Hvv21 = 0RT 1t is the homogeneous transformation matrix representing the rigid-body motion between
the virtual cameras hv1 i and hv2 i.
Proof: From (7) it directly follows that,
Mvw2

[2]

[1]

=D D

Mvw1 ,

Moreover, we assume a calibrated mirror setup, such that S[2]
(the 3 × 3 reflection matrix in D[2] ) is known. Then, (14)
can be decomposed as,
Qvw1

[2] [1]

t + (I − S S

)tvw1

(17)
= 0.

(18)

Note that the translation vectors in (18) are assumed to be
unknown and that only the rotation matrix R can be obtained
from the E-matrix decomposition.
IV. A LGORITHMS FOR MIRROR CALIBRATION
IMAGE - BASED CAMERA LOCALIZATION

e[21]

AND

In this section we present a suite of algorithms for
mirror calibration (i.e., computation of the angle θ between
the mirrors) and for image-based localization of a moving
camera, based on the properties presented in Sects. II and III.
A. Mirror calibration
Consider the setup in Fig. 3 in which at least n ≥ 8 points
are directly observed by the camera hci at u′i , i = 1, . . . , n.
The same points are also reflected by the mirrors n1 and n2
[1]
[2]
at ui and ui (white dots). In this scenario two fundamental
matrices F1 and F2 exist and they are computed from
[1]
[2]
the corresponding pairs (ui , u′i ) and (ui , u′i ), respectively
(cf. Prop. 3). From F1 and F2 we can then find the epipoles
e1 and e2 as their right null-spaces (black dots). Since the
direction of each epipole ej , j = 1, 2, is always parallel
to nj , we obtain the following:
Proposition 6 (Calibration with epipoles): The angle θ
between the mirrors n1 and n2 is given by,

 −1
(K e
e1 )T (K−1 e
e2 )
.
θ = arccos
kK−1 e
e1 k kK−1 e
e2 k

In the next proposition we uses the epipoles between
the virtual cameras to solve the mirror calibration problem
(see Fig. 5). Let F[21] be the fundamental matrix computed
[1]
[2]
from the corresponding points (ui , ui ) and γ the angle
[12]
between the virtual epipoles
e
and e[21]. It is easy to
 −1 [12]
T
e
e
) (K−1 e
e[21] )
.
verify that γ = arccos (K
e[21] k
kK−1 e
e[12] k kK−1 e

nΓ

e[12]

hv1 i

n1

hv2 i

Σ
n2

(15)

v2
v2
v1
and since HE = Mw
v1 Mw , we have Mw = Mw HE .
Substituting into (15), we obtain (14).
Remark 2: Without loss of generality, we can assume that
the z−axis of hwi coincides with the mirrors screw axis and
the x−axis lies on mirror 1, so that D[1] becomes,
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Vector ℘(tcw ) and virtual cameras epipoles e[12] and e[21] .

Proposition 7 (Calibration with virtual epipoles):
The angle θ between the mirrors n1 and n2 is given by,
π−γ
θ=
.
2
B. Image-based camera localization
This section presents a set of algorithms for the estimation
of the rigid-motion (Rcw , tcw ) from image measurements.
In particular, Prop. 8 provides a method to estimate Rcw and
Prop. 9 two methods to compute the projection of tcw on the
plane defined by the camera centers.
Let Γ be the plane defined by the center of the cameras
hci, hv1 i and hv2 i and nΓ(c) the normal vector to Γ written
in hci (see Fig. 5) . Let e1 be the epipole with unitary norm
defined in Prop. 6 and let a(c) , e1 × nΓ(c) .
Proposition 8 ( Rcw estimation): For every rigid-motion
(Rcw , tcw ), the following equation holds true,


0 0 −1 
−1
.
(19)
Rcw =  0 1 0  nΓ(c) e1 a(c)
−1 0 0
Proof: For every pose of hci, the camera center lies on
the same plane Γ having normal vector nΓ(w) = [0 0 1]T
in hwi. Hence, also e
e[12] and e
e[21] lie on Γ. Let ℓ be the line
[12]
joining the epipoles e
e
and e
e[21] expressed in hci, then
[12]
[21]
ℓ = e
e
×e
e . Since ℓ is the projection of the plane Γ
in hci, nΓ (c) = KT ℓ and,
−nΓ (w) = Rcw nΓ (c) .

(20)

Similarly, being e1 a unit norm vector obtained as the
right null-space of the fundamental matrix F1 between hci
and hv1 i, e1(w) = [0 1 0]T in hwi. Then,
e1 (w) = Rcw e1 .

(21)

Finally, since e1 (w) ⊥ −nΓ (w) and e1 (c) ⊥ nΓ (c) , being
a(w) = e1(w) × −nΓ(w) and a(c) = e1(c) × nΓ(c) , we
obtain a(w) = Rcw a(c) . Using this last equation together
with (20) and (21), we have that [−nΓ (w) e1 (w) a(w) ] =
Rcw [ nΓ(c) e1 a(c) ], from which (19) follows.

Consider the setup in Fig. 5 and let ℘(tcw ) ∈ IR2 contain
the first two components of the projection of tcw onto the
plane Γ. Prop. 9 provides ctwo methods to estimate the
℘(t )
direction of ℘(tcw ), i.e., k℘(tcw )k , d(℘(tcw )). The first one
w
uses the fundamental matrix F[12] between hv1 i and hv2 i
and the second one the Sylvester equation derived from (14).
Let Σ be the plane defined by the mirrors screw axis (i.e., the
3-D line of intersection between the mirrors) and the center
of hci, and let nΣ be the normal to Σ, (see Fig. 5).
In the next proposition, Rz (γ) denotes a rotation matrix
of an angle γ about the z-axis.
Proposition 9 (Estimation of d(℘(tcw ))): The direction
of ℘(tcw ) is given by,
tc ∗
d(℘(tcw )) = w
,
(22)
ktcw∗ k
where tcw∗ can be computed as in (i) or in (ii), as follows:
tcw∗ = [a(1) a(2)]T ,

(i)

(23)

◦

with a = Rz (−90 ) nΣ , nΣ (1) > 0 ;

2
2 (1)n2 (2)a(2)
(ii) tcw∗= a(1)(1−n2 (2))+n
2 n2 (1)
2

a(2)n2 (1)−a(1)n2 (2) T
,
2 n2 (1)

(24)
with a = −Rcw tvv12 .
Proof: Let us start by proving part (i) of the statement.
tcw and ℘(tcw ) lie on the plane Σ with normal vector nΣ =
[nΣ (1) nΣ (2) 0]T in hwi. Since all the corresponding
epipolar lines computed from the fundamental matrix F[12]
intersect at the image projection of the screw axis m, [12],
we have nΣ = Rcw (KT m), where KT m is the normal
vector to Σ in hci. Since nΣ ⊥ ℘(tcw ), it is then sufficient
to rotate nΣ of −90◦ around the z-axis in order to obtain
tcw∗ in (23). To prove part (ii) of the statement, consider the
following Sylvester equation derived from (14),
Hcw Hvv12 = D[2] D[1] Hcw ,
[1]

[2]

(25)

Rcw

where D , D are as in (16). Let
be given (computed,
e.g. using Prop. 8) and D[2] , n2 be estimated using one
of the algorithms in Sect. IV-A. Let HE also be given
(cf. Prop. 5). From (25) we have Rcw tvv12 + tcw = S[2] S[1] tcw .
Collecting tcw on the left-hand side of this equation, we
get (I − S[2] S[1] ) tcw = −Rcw tvv12 , from which, after few
maniputations, we obtain (24). Note that the normalization
of tcw ∗ in (22), removes the ambiguity due to the up to scale

estimation of tvv12 .
V. S IMULATION AND EXPERIMENTAL RESULTS
A. Simulations
Simulation experiments have been performed with the
Epipolar Geometry Toolbox [17]. The setup consists of a
pinhole camera with calibration matrix,
2
951.8
K=4 0
0

0
951.8
0

3
640.66
605.115,
1

(26)

and two planar mirrors with normal vectors n1 =
[0 − 1 0]T and n2 = [−0.866 0.5 0]T , corresponding to an angular displacement θ = 60◦ . The camera observes directly 20 random points: the matching is

Rcw [deg.]

tcw [m]

Roll

Pitch

Yaw

a

−4.00

−3.03

−37.07

[0.147 −0.824 0.377]T

b

8.16

−3.49

−43.13

[0.157 −0.824 0.610]T

c

13.99

−20.87

−40.57

[0.432 −0.960 0.532]T

d

−6.38

−9.01

−51.60

[0.106 −0.613 0.408]T

e

−3.63

−3.46

−43.73

[0.215 −0.824 0.552]T

f

7.74

−13.55

−35.60

[0.313 −0.960 0.535]T

TABLE I
D ISPLACEMENTS CONSIDERED IN F IGS . 6( E ) AND 6( F ).

supposed to be solved by manually selecting the correspondences. The rigid-motion between the camera and
world frame is Rcw = Rz (40◦ ) Ry (−20◦ ) Rx (30◦ ) and
tcw = [0.6 −2 −0.2]T m. In Figs. 6(a)-(c), we ran 100
iterations of the M-estimator [18], (used to estimate the
fundamental matrix), for increasing values of the image pixel
noise standard deviation. Fig. 6(a) reports the mirror angle
estimation error |θb − θ| for the two algorithms discussed
in Sect. IV-A. The estimation with the virtual cameras
epipoles is more accurate: the mean error corresponding to
the maximum noise power is about 1.5◦ . Fig. 6(b) shows the
Rcw estimation error (cf. Prop. 8) computed as the roll-pitchyaw angle error. As we can see in the figure, the proposed
method is robust to noisy data: in fact the maximum mean
error is around 2◦ . Fig. 6(c) finally reports the error ε(b
tcw ) ,
c
c
b
kd(℘(tw )) − d(℘(tw ))k, for the two algorithms in Prop. 9:
(i) Screw axis and (ii) Sylvester equation. From Fig. 6(c), we
note that the second method is less sensitive to noise since
it does not rely on the direct computation of the epipoles.
B. Experiments
In order to test the proposed methods in real scenarios we
performed a series of experiments using the setup shown in
Fig. 1, where a Lumenerar LU071C camera mounted on
the end-effector of a 6 axes KUKAr KR 3 manipulator,
observes a structured scene composed by several objects
mirrored by two planar mirrors. The calibration matrix K
is the same as in (26). The observed objects are in a box of
[−0.085, 0.34] × [−0.15, −0.44] m in hwi. Fig. 6(d) shows
the estimation error |θ̂ − θ| of the algorithms in Sect. IV-A,
when θ ∈ {30◦ , 45◦ , 60◦ }. The values reported in Fig. 6(d)
are the average of 5 experiments we conducted for each θ.
In accordance with the simulation results, the method based
on the virtual cameras epipoles is more accurate, with a
mean error of about 6◦ . Fig. 6(e) shows the Rcw estimation
error, computed as the roll-pitch-yaw angle error, for the
rotational displacements reported in Table I. The mirror angle
θ = 60◦ . As pointed out in Sect. V-A, the proposed algorithm
has a reduced sensitivity to noise: in fact, the maximum
error is about 5.5◦ . Finally, Fig. 6(f) depicts the estimation
error ε(b
tcw ) for the translational displacements reported in
Table I. As in Sect. V-A, the algorithm based on the Sylvester
equation exhibits the best performance.
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Fig. 6. Simulations: (a) Mirror angle estimation error for the algorithms in Sect IV-A; (b)
estimation error for the algorithm in Prop. 8; (c) Error ε(b
tcw )
for the algorithms in Prop. 9. Experiments: (d) Mirror angle estimation error for θ ∈ {30◦ , 45◦ , 60◦ }; (e) Rcw estimation error for the rotational
displacements reported in Table I; (f) Error ε(b
tcw ) for the translational displacements reported in Table I.
Rcw

VI. C ONCLUSIONS AND FUTURE WORK
The paper presents a systematic study of the imaging geometry of Planar Catadioptric Stereo vision sensors (PCS). New algebraic and geometric properties are
presented in the cases of static and moving pinhole cameras
(multi-view PCS). On the basis of these new results, we propose a suite of algorithms for mirror calibration and camera
localization using image data solely.
The extension of our results to sensors composed by
multiple cameras and multiple planar mirrors is a subject of
on-going research. Future investigations will also study the
connection between the imaging geometry of two mirrors
PCS and trifocal geometry [16].
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