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Abstract— Due to their panoramic field of view, catadioptric
cameras are becoming ubiquitous in many robotics and com-
puter vision applications. Catadioptric cameras with a unique
viewpoint are of primary interest, among these is the case where
the reflective surface is a parabolic mirror and the camera
satisfies the orthographic projection model and which we call
paracatadioptric. We here present a new geometrical property
(called disparity-circles property) for paracatadioptric cameras
and use it to design a video compass algorithm that can compute
the 1-axis rotation angle between two views of at least two
parallel lines, without any need of internal camera calibration
parameters. We present a linear closed form solution suitable
for real-time implementation. We then study the performances
of our algorithm, its sensitivity to image noise and propose also
experimental results with a paracatadioptric camera mounted
on a mobile robotic platform.

I. I NTRODUCTION

Catadioptric vision systems consist in a coupling between
a reflective (catoptric) and a refractive (dioptric) element,
thus providing a field of view that is wider than standard
pinhole cameras.

We are here particularly interested inparacatadioptric
vision sensors, i.e., those made of a parabolic mirror (re-
flective element) and of a orthographic camera. However,
many geometrical properties must be yet discovered [2], [5],
especially those related to the multi-view observation of other
visual features than points, e.g., lines (common in many man-
made environments) [1].

The innovative contribution of this work consists in the
presentation of a new geometrical property for multiple para-
catadioptric views of parallel lines, calleddisparity-circles
property. We use it to design avideo compassalgorithm
for retrieving the 1-axis rotation angle between two views.
Many applications can benefit from a video compass strategy,
e.g., autonomous navigation in unknown environments of
single and multiple robots [14], visual servoing [3], real-time
generation of three-dimensional (3-D) models using mobile
camera [4], etc.

A previous video compass algorithm in [9] uses lines in
single pinhole view to exploit vanishing points. However,
camera calibration is supposed known and an initialization
stage is needed to estimate the camera orientation with
respect to the scene. Another video compass algorithm
for calibrated pinhole camera has been proposed in [12]
and permits to retrieve full 3-axis orientation. However, an
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Fig. 1. The video compass algorithm: two roto-translated views (a) and (b)
of two parallel lines are superimposed and circles are fitted to these lines
(c). Circle centers are then joined with lines to obtain the angle θ between
the two views (a) and (b).

underlying assumption is that a high number of image points
is observed.

Differently to the above results, our video compass al-
gorithm is the first one to use panoramic views and needs
only two paracatadioptric viewsof (at least)two parallel
lines. Moreover, it does not need of both any pose infor-
mation about the observed scene and any knowledge of the
internal camera calibration parameters. Moreover, due to its
analytical expression linear in the unknowns, it is suitable
for real-time implementation.

Our algorithm has an intuitive geometrical description we
describe in what follows. Consider the case in Fig. 1(a)-
(b): first, two paracatadioptric views of two parallel lines
are taken in two poses (az−axis camera rotation and a
translation occur between them). Second, we fit a conic to
each line (this conic is always a circle for paracatadioptric



cameras) and superimpose them as in Fig. 1(c). After the
computation of the centers of the two circles(c′1, c

′
2) and

(c1, c2), the angleθ between the linesc′1c
′
2 and c1c2 is

exactly thez−axis rotation angleθ between the two cameras.
We hereafter assume that the recognition problem is solved,
i.e., that corresponding parallel lines projecting to arcsof
circles can be automatically detected in panoramic images.A
good line tracker software for tracking of lines in panoramic
images is ViSP [10].

The paper is organized as follows. Section 2 introduces
the basic notations and definitions about the paracatadioptric
imaging model. In Section 3, the disparity circle property is
introduced and the video compass algorithm presented. Sim-
ulation and experimental results are presented in Section 4,
to show the effectiveness and the practical applicability
of the proposed approach. In Section 5, we provide some
concluding remarks highlighting the main contributions of
the paper.

II. BASICS ONPARACATADIOPTRIC IMAGE OF L INES

Consider the case in Fig. 2 representing the imaging model
for a paracatadioptric camera with the mirror focus atO.
Every scene pointP ∈ IR3 is projected onto the mirror
surface atX ∈ IR3 throughO. The image pointu (pixels)
is finally obtained fromX via orthographic projection of
X. The above projections fromP to u can be analytically
described by a nonlinear functionη : IR3 → IR2 [5], [13]
that depends on known camera calibration parameters and
mirror geometry.

Proposition 1 (Paracatadioptric image of a line [7]):
Suppose we are given a lineL observed by a paracatadioptric
vision sensor (Fig. 2). Theinterpretation plane(i.e., the
plane throughL and the mirror focusO) has normal vector
n = [nx ny nz]

T (in the mirror frame atO). Then, if
nz 6= 0, the paracatadioptric image of the lineL is an image
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Fig. 2. The interpretation plane through the mirror focus center O and the
3-D lineL intersects the mirror at a curve that is orthographically projected
to the image plane in a circleC with centerc and radiusr.

circle C (Fig. 2), whose centerc = [cu, cv]T is given by:

c =

[

cu

cv

]

=

[

u0 − 2aα(nx/nz)
v0 − 2aα(ny/nz)

]

,

beinga the focal mirror parameter,(u0, v0) the optical center
and α the focal length of the camera (pixels). The circle
radiusr > 0 is given byr = 2aα (1/nz):

Proof: Let us consider the equation of the paraboloid
with focal parametera:

x2 + y2

4a
− a = z, (1)

beingX , [x y z]T a point onto the mirror surface (Fig. 2).
If X belongs to the interpretation plane, thennT X = 0.
Obtainingz and substituting it into (1):

(x2 + y2)/(4a) − a = (−nxx − nyy)/nz

and beingn2
x + n2

y = 1 − n2
z, after some computations, we

readily obtain the equation of the intersection between the
interpretation plane and the paraboloid:

(

x + 2a
nx

nz

)2

+

(

y + 2a
ny

nz

)2

= 4a2

(

1

n2
z

)

.

This circle is then orthographically projected to the image
plane [8] in an image circleC via the camera calibration
matrix K (pixels)

K =





α 0 u0

0 α v0

0 0 1



 .

Finally, the equation of the image circleC is simply given
by:

(

u−u0+2aα
nx

nz

)2

+

(

v−v0+2aα
ny

nz

)2

=4a2α2

(

1

n2
z

)

(2)
and then the expression for circle center coordinatesc and
radiusr are readily obtained from (2).

III. U NCALIBRATED VIDEO COMPASS FROM

PARACATADIOPTRIC PARALLEL LINES

Suppose we are given two paracatadioptric views of two
parallel linesL1 andL2 (Fig. 3(a)) . The mirror reference
frames are centered inO and O′ . As in Prop. 1, the lines
L1 andL2 project in each views at two circle pairs:(C1, C2)
and (C′

1, C
′
2) in the first and the second view, respectively

(Fig. 3(b)-(c)). The circles parameters (center and radius) can
be estimated in the image space by means, e.g., of circle fit-
ting methods (as the ones presented in Appendix A). Without
loss of generality, we will assume the world frame coincident
with the paracatadioptric mirror frame inO′. Due to our
purposes, we assume that a rigid body motion(Rz,θ, t)
occurs between the two views, beingRz,θ a rotation about
the z-axis (Fig. 3(a)) of an angleθ.

In the following, we present the disparity-circle property
at the basis of our uncalibrated video compass algorithm for
retrieving the angleθ from image measurement.
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Fig. 3. Paracatadioptric video compass. (a) Two paracatadioptric cameras
are rotated by an angleθ about thez-axis and they are observing two parallel
linesL1 andL2; (b)-(c) The circle centers in the image plane are used to
compute the vectorse′

21
ande21 which are used to retrieve the angleθ.

Theorem 1 (Uncalibrated Disparity Circles):Suppose
we are given two parallel linesL1 and L2, observed in
two paracatadioptric views with the mirror frames inO and
O′ (see Fig. 3). Under the hypotheses of Prop. 1, these
two lines project in two arcs of circlesC1, C2 (C′

1, C
′
2),

whose centers arec1, c2 (in O) and c′1, c
′
2 (in O′), as in

Fig. 3(b)-(c).
Then, the following equation holds true (∼ means equality

up to a scale factor):

e21 ∼ As with s , [cos θ sin θ]T ,

being e21 , [e21(1) e21(2)]
T

= c2 − c1 and e′21 ,

[e′21(1) e′21(2)]
T

= c′2 − c′1 and where

A ,

[

e′21(1) e′21(2)
e′21(2) −e′21(1)

]

. �

The Proof. of Theorem 1 is in Appendix B.

The Video Compass algorithm is based on Theorem 1 and
summarized in Table.I (see also Fig. 1).

Some concluding remarks are in order at this point.

• The here presented algorithm isuncalibrated in the
sense that it does not require any knowledge of the para-
catadioptric intrinsic parameters (i.e., both orthographic
camera and mirror parameters).

• Only two parallel lines are necessary to computeθ. The
existence of parallel lines is a reasonable assumption in
many man-made environments.

• The algorithm works also ifno translational displace-
ment exists, i.e., only a rotation exists between the two
views.

• The strategy proposed in the video compass algorithm
is linear, thus adapt for real-time applications. For the
sake of simplicity, we have presented here the simple
case of two lines. In the case of more lines, standard
SVD approach can be used to solve the estimation of
s.

• The usage of paracatadioptric images guarantees a
panoramic field-of-view, wider than standard pinhole
cameras.

TABLE I. U NCALIBRATED PARACATADIOPTRIC

V IDEO COMPASSALGORITHM

Goal: Camera rotation angleθ estimation from paracata-
dioptric views

1) Grab the reference paracatadioptric imageI ′ and
detect on it a set ofn ≥ 3 image pointsu′

1 and
u′

2 ∈ IR2×n lying on the paracatadioptric image of
two parallel linesL1 andL2, respectively;

2) Run thealgebraic fitting circle algorithm (with nor-
malization)(Appendix A) on the image pointsu′

1 and
u′

2 and compute the image circle centersc′1 ∈ IR2 and
c′2 ∈ IR2.
Compute:

e′21 , c′2 − c′1;

3) Grab the current paracatadioptric imageI (rotated by
Rz,θ and translated byt) and detect a set ofn ≥ 3
image pointsu1 andu2 ∈ IR2×n on the paracatadiop-
tric image ofL1 andL2, respectively;

4) Run thealgebraic fitting circle algorithm (with nor-
malization) (Appendix A) on the image pointsu1

andu2 and compute the circle centersc1 ∈ IR2 and
c2 ∈ IR2. Computee21 , c2 − c1;

5) Computes , A−1e21 and θ=ATAN2{s(2), s(1)}
with θ ∈ [−π/2, π/2].

IV. EXPERIMENTS

A. Simulation results

All the simulation results have been performed using the
Epipolar Geometry Toolbox (EGT) for MATLAB [11].

In the first simulation, we present the application of our
video compass algorithm in the nominal case (i.e., no image
noise) of two parallel linesL1 and L2 imaged in two
paracatadioptric views inO andO′ (Fig. 4(a)). The camera
in O has been placed witht = [0.4, 0.2, 0]T and Rz,θ,
with θ = π/4. Without loss of generality, we assumed that
the camera inO′ is at the origin of the reference frame.
Figure 4(b) shows the paracatadioptric image (the white area
represents the visible area, typically known as “Mexican
hat”). The image points (dots and crosses) have been used
to fit the circlesC1 andC2 in O (C′

1 andC′
2 in O′). Fig. 4(b)

shows the superimposition of all these circles inO and O′
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Fig. 4. Simulation results. (a) Two parallel linesL1 andL2 are viewed
by a paracatadioptric camera in two positionsO andO′. The camera inO
is translated byt and rotated about thez-axis of an angleθ = π/4; (b)
Some control points are chosen on the imaged lines (dots and crosses) and
then used for running the circle fitting algorithm. Accordingto the Video
Compass algorithm, circle centers are then used to compute the angle θ.

(dotted and continuous lines, respectively) and shows also
the vectorse12 = c1c2 ande′12 = c′1c

′
2, joining the centers

of all circle pairs, respectively, used for the estimation of
θ = π/4.

In order to test the robustness of our algorithm to image
noise, we added gaussian noise with standard deviationσ and
plotted in Fig. 5 the mean and the standard deviation of the
rotation angle estimation error‖θ̂ − θ‖2, over a set of 100
iterations and also for an increasing number (from 3 to 7) of
image control points (used for the circle fitting algorithm).
The results have shown that a higher number of control points
(used for the circle fitting) is preferable, in terms ofboth
mean error and error standard deviation. Moreover, we have
observed that the increasing noise power does not yield to
an exponential increase of theθ estimation error. This results
have proven a good robustness of our algorithm and thus its
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Fig. 6. Experimental results: the mobile robot moves from (a) to(d) ( (d)
is aligned with the Reference view). The relative orientation with respect
to the Reference view is computed.

applicability in real scenarios.

B. Experimental results

We present here the application of our video compass with
real data taken from a paracatadioptric camera mounted on
a mobile robot PIONEER 2X-DE (by ActivMedia). We have
used only two lines in order to show the good robustness of
our algorithm.

The robot motion is shown in Fig. 6. As the robot moves
from (a) to (d), we want to compute the relative camera
orientationθ with respect to the Reference image. Figure 7
shows the angle estimation in correspondence with the robot
poses (a)-(d). As expected, in (d) the estimated orientation
with respect to the Reference is near zero because the robot
is aligned with the reference1.

V. CONCLUSION AND FUTURE WORKS

In this work we have presented thedisparity-circles
property, a new geometrical property for two (or more)
paracatadioptric views of lines. We used it to design a video
compass algorithm using the projection of these lines for
the real-time computation of thez-axis relative orientation
between the two views. The remarkable improvement with

1A video of the experimental results can be seen at
www.dii.unisi.it/∼gmariottini/videos/VideoCompassIROS07.mpg
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in Fig. 6.

respect to the other approaches in the literature is that our
algorithm does not need any knowledge of internal camera
parameters and is also valid in the case of zero translation.
Extensive simulation results have shown the effectivenessof
this paracatadioptric video compass and the applicabilityin
real contexts. Experimental results are also presented. Future
works will also deal with the full automatization of the
algorithm (i.e., automatic detection of parallel lines) and
to the extension of this algorithm to full-axis orientation
retrieval.

APPENDIX

A. Basics on circle fitting methods and comparison

We are interested in estimating the3×1 parameter vector
p , [cu, cv, r]T of a circleC (i.e., its centerc and the radius
r) from a set of image control pointsui being i = 1, ..., n
with n ≥ 3, all belonging to a lineL. We assume that our
points are not affected by outliers. We here presents three
methods of estimatingp that basically minimize the distance
between the control points and the estimated circle.

The first method consists in minimizing thealgebraic cost
function [6]:

χ(c, r) =

n
∑

i=1

(

(c − ui)
T (c − ui) − r2

)2
. (3)

The estimated vector parametersc andr are given by:

c = −
1

2
A−1b where b ,

n
∑

i,j,k

(uT
i ui − uT

j uj)(uk − ui)

and A ,

n
∑

i,j,k

(uk − ui)(uj − ui)
T (4)

and

r2 =
1

n

n
∑

i=1

(c − ui)
T (c − ui). (5)

Due to its linear form, this first method is fast and thus
prone to real-time applications. In general, this kind of
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Fig. 8. Circle fitting. (a) A line is detected in the image plane. (b) A set
of n ≥ 3 control points are used to fit a circle on it. (c) Residual error
estimation for different algorithms. (d) Computation times.

algebraic method can be affected by the so-calledhigh-
curvature bias [15], i.e., high curvature points are less-
informative for curve estimation. Note that this problem will
not occur in our algorithm since, in a circle, each point has
the same curvature. Another problem is that the minimization
based on algebraic cost function is not invariant to euclidean
transformations (e.g., translations, rotations, etc.).

Since the point rotation will not affect the fitting of circles,
we will present a second estimation method that is similar
to (4). In fact it only includes an initialnormalizationstep:
all the image points{ui}

n
i=1 are first translated to the origin

by their centroid. Then, the above linear algebraic method
is applied. Then, image points are de-normalized. Note
that data normalization is always addressed as an essential
step [8] and should not considered optional.

Another strategy for circle fitting consists in minimizing
a geometric cost function. In the case of curve fitting, the
orthogonal distancedi between a pointui and the fitted conic
C is the smallest Euclidean distance among all distances
betweenui and points in the conic. In the case of a circle,
di is measured along the radius direction and can thus be
simply written as:

di(c, r)
2 = (‖c − ui‖2 − r)2 ∀ i = 1, ..., n. (6)

Since the geometric distance minimization involves a square
root, nonlinear minimization techniques (e.g., Levenberg-
Marquardt) are required.

To test the most suited fitting algorithm for our video
compass strategy, we implemented all these three methods.
We used a paracatadioptric image of a lineL (Fig. 8(a)) and
compared their performances with respect to: i) the circle
fitting error residuals and ii) the time of computation. The



fitted conics are reported in Fig. 8(b). While all of these
methods gave the same errors w.r.t. i), as can be seen in
Fig. 8(c), (in fact the minimization of (3) and of (6) clearly
leads to the same result), however the fastest algorithm has
been the linear one (with normalization) (see Fig. 8(d)). In
fact, data normalization induces a better conditioning when
using SVD in the linear algorithm. Due to the real-time
requirements of our application, we decided to chose the
linear fitting method (with data normalization).

B. Proof of Theorem 1

Proof: The interpretation planes throughL1

and L2 (with respect to O′), have normal vectors
n′

1 , [n′
1x n′

1y n′
1z]

T and n′
2 , [n′

2x n′
2y n′

2z]
T given

by:

n′
1 ∼ X′

1(2) × X′
1(1) (7)

n′
2 ∼ X′

2(2) × X′
2(1) (8)

where∼ means up to a scaling factor. Between any point
X′

2(i) on L2 and the pointX′
1(j) on L1 ∀ i, j, the following

holds true:

X′
2(2) = X′

1(2) + d′
21 (9)

X′
2(1) = X′

1(1) + d′
21, (10)

beingd′
21 , X′

2(1) − X′
1(1) the vector inO′, defined as the

translation fromL1 to L2. Substituting (9) and (10) in (8)
we obtain:

n′
2 ∼ (X′

1(2) + d′
21) × (X′

1(1) + d′
21)

∼ X′
1(2) × X′

1(1) + (X′
1(2) − X′

1(1)) × d′
21

and beingh′
1 , X′

1(2) −X′
1(1) (Fig. 3(a)), it results that (8)

can be also written as:

n′
2 ∼ (X′

1(2) × X′
1(1)) + (h′

1 × d′
21). (11)

Let us now consider, differently from (7) and (8), the
expression ofn1 andn2 w.r.t. O. Analogously to (9) and (10)
we haveX2(2) = X1(2) + d21 and X2(1) = X1(1) + d21.
Note thatd21 = RT

z,θd
′
21 and hi = RT

z,θh
′
i ∀ i. We then

have that:

n2 ∼ (X1(2) × X1(1)) + RT
z,θ(h

′
1 × d′

21). (12)

We define:

e21 , c2 − c1 = γ

[n2x

n2z

− n1x

n1z
n2y

n2z

−
n1y

n1z

]

(13)

and sincen1 =
X1(2)×X1(1)

‖X1(2)×X1(1)‖
, then we can substitute it

into (12) and obtain

n2 ∼ n1λ + RT p′ (14)

with λ , ‖X1(2) × X1(1)‖ andp′ , h′
1 × d′

21. In this way,
from (14) we simply obtain:

n2x ∼ λn1x + p′x cos θ + p′y sin θ

n2y ∼ λn1y − p′x sin θ + p′y cos θ (15)

n2z ∼ λn1z + p′z.

Substituting (15) in (13) and after some easy computation,
one may obtain that

e21 ∼

[

p′x cos θ + p′y sin θ − p′zcx

−p′x sin θ + p′y cos θ − p′zcy

]

. (16)

The computation ofn′
2 can be derived in analogous way than

for (15), and then it results that:

e′21 ∼

[

p′x − p′zc
′
x

p′y − p′zc
′
y

]

. (17)

Now, it is immediate to see thatcx ∼ c′x cos θ + c′y sin θ and
cy ∼ c′y cos θ − c′x sin θ. Using these into (16) and comparing
the obtained expression ofe21 with e′21, we finally obtain:

e21(1) ∼ e′21(1) cos θ + e′21(2) sin θ

e21(2) ∼ e′21(2) cos θ − e′21(1) sin θ.
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