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Abstract:
This paper presents an image-based visual servoing strategy for the autonomous navigation of a mobile holonomic
robot from a current toward a desired pose, specified only through a current and a desired image acquired by the
on-board central catadioptric camera. This kind of vision sensor combines lenses and mirrors to enlarge the field
of view. The proposed visual servoing does not need any metrical information about the 3-D viewed scene and
is mainly based on a novel geometrical property, the auto-epipolar condition, which occurs when two catadioptric
views (current and desired) undergo a pure translation. This condition can be detected in real-time in the image
domain observing when a set of so-called disparity-conics have a common intersection. The auto-epipolar condition
and the pixel distances between current and target image features are used to design the image-based control law.
Lyapunov-based stability analysis and simulation results demonstrate the parametric robustness of the proposed
method. Experimental results are presented to show the applicability of our visual servoing in a real context.
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1 Introduction

In this paper we propose an image-based visual servo-
ing (IBVS) strategy for the autonomous navigation of a
mobile holonomic robot from a current toward a desired
configuration. Note that both the current and the de-
sired robot configurations are specified through a current
and a desired image acquired by the on-board panoramic
vision sensor (see Fig. 1(a-b)).

Differently from position-based visual servoing
(PBVS), in IBVS both the control objective and the
control laws are directly expressed in the image feature
parameters domain [Hutchinson 1996]. An image
feature parameter is a real-valued quantity that can
be calculated from one or more image features (points,
lines, etc.). As a consequence, IBVS algorithms do
not need any a priori knowledge of the geometrical or
metrical structure of the observed scene. Moreover,
designing the feedback at the sensor level improves
the system performances, especially when uncertainties
and disturbances affect the model of the robot and the
camera calibration [Hutchinson 1996].

The IBVS strategy for nonholonomic robots in [Conti-
celli 1999] avoids the necessity of complete 3-D environ-
ment information, but makes use of an adaptive control
law which estimates the feature position with respect to
the camera/robot reference frame.

As an alternative to IBVS, the 2-1/2-D visual servo-
ing has been proposed in [Malis 1998] and combines IBVS
and PBVS features to guarantee the convergence in the
whole task space. In particular, the camera rotation and
translation (up to a scale) between the current and the
desired views are computed from the decomposition of
the homography matrix and used in the control law. The
homography matrix can be estimated from the observa-
tion of (at least) four co-planar feature points [Faugeras
1993]. However, note that the homography matrix de-
composition is not unique and an approximation of the
normal vector to the target plane is necessary to initialize
the servoing.

While the above 2-1/2-D servoing has been originally
presented for articulated manipulator, there has been a
recent effort to extend it to mobile robots, as in [Fang
2005]. Here the authors, in addition to the typical re-
quirements of 2-1/2-D servoing, require the adaptive es-
timation of a constant depth-related parameter. In order
to avoid the above problems, an IBVS strategy for non-
holonomic mobile robots has been proposed in [Mariot-
tini 2007]. It exploits the epipolar geometry to guarantee
asymptotic convergence (also with partially calibrated
pinhole camera) to the desired pose without any knowl-
edge of the 3-D scene geometry or any need for distance

(a) (b)

Figure 1: (a) The experimental setup consists of a holo-
nomic robot NOMAD XR4000 with an on-board cata-
dioptric camera; (b) The panoramic image provided by
the on-board vision sensor has a wide field of view (FOV)
due to the lens-mirror coupling.

estimation procedure.
However, all the previous strategies do not take into

account the problem of keeping the features in the cam-
era field of view (FOV). In order to solve this prob-
lem some IBVS strategies have been investigated, based
on zoom adjustment [Benhimane 2003], switching con-
trol [Chesi 2004], or on topological considerations [Cowan
2002]. However, all these strategies are specifically de-
signed for robotic manipulators.

A completely different approach to the visibility con-
straint problem consists in using panoramic FOV pro-
vided by central catadioptric cameras. Catadioptric
cameras consist of a coupling between mirrors (catop-
tric element) and lenses (dioptric elements) [Nayar 1997].
Clearly, visual servoing applications can benefit from
such sensors that overcome the visibility constraint by
naturally enhancing the field of view (see Fig. 1(b)).

One of the first works on mobile robots performing
visual servoing with catadioptric cameras has been pre-
sented in [Gaspar 2000] in which the authors propose a
method for the visual-based navigation of a mobile robot
in indoor environments by tracking visual landmarks.
Other interesting image-based visual servoing strategies
have been presented for robotic manipulators [Barreto
2002,Mezouar 2004]. A switching control law for the pose
control of a car-like vehicle equipped with a panoramic
camera has been studied in [Usher 2003]. The servoing
strategy in [Abdelkader 2005] uses catadioptric camera
mounted on a mobile robot in order to follow a 3-D line.
However, they all assume an a-priori knowledge of the
depth (or height) of the 3-D observed points with respect
to the camera.

The original contribution of the present work consists
in proposing an image-based visual servoing algorithm
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that does not need any metrical information about the
3-D viewed scene and makes use of catadioptric cameras
to widen the field-of-view. Our paper is an extension
of our previous work [Mariottini 2005-b]. The proposed
servoing strategy can be used with robots without kine-
matic constraints (i.e., holonomic robots as in Fig. 1(a),
omnidirectional robots [Elliot 2006], humanoid robots,
etc.).

Moreover, the proposed IBVS is based on the auto-
epipolar condition, here applied for catadioptric cameras,
but valid also for pinhole cameras. The advantages of the
auto-epipolar condition are that it can be used with (at
least) three feature points and that it does not need any
time-consuming estimation strategy. The auto-epipolar
condition occurs when two calibrated catadioptric views
(current and desired) undergo a pure translation, i.e.,
they have the same orientation. This occurrence can
be detected simply observing when a set of so-called
disparity-conics, computed in real time from correspond-
ing point pairs, intersect at only two points. The auto-
epipolar theory and the feature points have been then
used to design a feedback control law strategy that com-
pensates both the rotational and translational robot dis-
parity. The whole visual servoing guarantees the asymp-
totic convergence to the desired configuration in a wide
set of attraction.

The innovative contributions of our approach are here
outlined:

• The auto-epipolar condition is presented and used,
together with image feature points, for the design
of an image-based visual servoing strategy for holo-
nomic mobile robots, equipped with a catadioptric
camera.

• No metrical knowledge of the 3-D scene geometry
is required, because our control law is based on the
epipolar geometry, i.e., the intrinsic projective ge-
ometry relating two views of the same scene [Geyer
2001]. Note, moreover, that our algorithm does not
need any time-consuming estimation of multi-view
geometry entities (e.g., essential or homography ma-
trix). Differently from existing 2-1/2-D visual ser-
voing strategies, we do not need to perform any ini-
tialization procedure.

• Simulations and experimental results on a NOMAD
XR4000 robot show the applicability of our image-
based strategy and its robustness to wheels slippage
and floor irregularities, in particular when a ‘One-
Step’ strategy is used.

The paper is organized as follows. Section 2 briefly
introduces the basic notations and definitions about the

unifying imaging model for central catadioptric camera
and about the two-view geometry. In Sect. 3, the auto-
epipolar condition is presented, while in Sect. 4 the visual
servoing control law (‘Two-Step’ and ‘One-Step’ strate-
gies) is presented. Section 5 describes some simulation
results in the nominal and perturbed case. Section 6
presents extensive experimental results on a real robot.
Finally, concluding remarks and future perspectives are
provided in Sect. 7.

2 Catadioptric cameras and

epipolar geometry

For the reader convenience, we now review basic facts
about the imaging model of catadioptric cameras and
the epipolar geometry associated with two catadioptric
views. These concepts are at the basis of our IBVS strat-
egy.

2.1 Unifying projection model

Several kinds of catadioptric cameras can be obtained
combining CCD cameras (pinhole or orthographic) with
reflective surfaces (e.g., hyperbolical, parabolical or ellip-
tical mirrors). This kind of coupling satisfies the single
viewpoint constraint [Baker 1999], i.e., the catadioptric
camera measures the light only through a single point,
the mirror focus. This is a necessary condition for the
existence of epipolar geometry and for the generation
of geometrically correct images [Geyer 2003]. In [Baker
1997] the entire class of catadioptric systems verifying
the single viewpoint constraint is presented. Catadiop-
tric cameras verifying this constraint are referred to as
central catadioptric cameras. We will hereafter refer to
them only as catadioptric cameras, implicitly assuming
that the single viewpoint constraint is satisfied.

Consider the case in Fig. 2: the catadioptric mapping
of a scene point Pi ∈ IR3 (expressed in the world frame
〈w〉) to its corresponding point mi in the catadioptric
image plane (pixels) can be described by means of the
unifying model introduced first in [Geyer 2000]. Here the
authors have shown that all central catadioptric cameras
are isomorphic to projective mappings from the sphere
S to a virtual plane, through a projection center cp on
the perpendicular to this plane.

In particular, the scene point Pi is first expressed to
the camera frame 〈c〉 as Xi, by means of the following:

Xi = Rw
c Pi + tw

c , i = 1, ..., n ,

where (Rw
c , tw

c ) is the rigid body motion between the
world frame 〈w〉 and 〈c〉. Then, the point Xi is projected
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at a point xi , [xi yi zi]
T on the unit sphere S, given

by:
xi = Xi/‖Xi‖.

It has been shown that, for every xi, there exists a ray
x̄i , [x̄i ȳi z̄i]

T , joining cp , [0 0 ℓ]T and xi and inter-
secting the virtual plane. The ray x̄i is given by:

x̄i =
1

λi

xci =
1

λi





xi

yi

zi − ℓ



 ,

with

λi =
ℓ − zi

ℓ + m
.

Finally, the image point mi , [ui vi 1]T is given by

mi = Kx̄i. (1)

Here K ∈ IR3×3 is the intrinsic camera calibration matrix
we assume given by

K =





fkx 0 u0

0 fky v0

0 0 1





being f the focal length (meters), kx and ky the num-
ber of pixels per unit distance, and (u0, v0) the principal
point coordinates (in pixels). Hereafter, we will assume
that our catadioptric camera internal parameters (K, m
and ℓ) are known (e.g., thanks to a previous calibration
step, as in [Geyer 2002,Barreto 2005]).

One of the advantages of this unifying model (Fig. 2),
is that it permits to describe all central catadioptric

S

K
mi

〈w〉

Pi
Xi

x̄i

xci

xi

cp

〈c〉

ℓ

m

Figure 2: The unifying image formation model for central
catadioptric cameras.

imaging devices (and pinhole, also), depending on the
choice of the two parameters m and ℓ (as shown in Ta-
ble 1).

Note that the unifying model allows to work directly
with points on the unit sphere S. In fact, it may be
simply shown that an image point mi can be uniquely
mapped at the sphere point xi by means of (1) and the
inverse mapping h−1 defined as:

h−1(x̄i) ,
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(2)

2.2 Epipolar geometry from two spheri-

cal projections

Let a catadioptric camera be mounted on a robot and
suppose given two distinct catadioptric views of the same
3-D scene, referred to as desired and current and ac-
quired by the camera placed in O′ and O, respectively,
as shown in Fig. 3. Let R and t be, respectively, the
rotation and the translation occurring between the cur-
rent 〈c〉 and the desired camera frame 〈d〉. Without loss
of generality, we choose the world frame 〈w〉 coincident
with the desired frame 〈d〉.

The main goal of our IBVS consists in autonomously
moving the robot from 〈c〉 to 〈d〉 using image data only.
Each of the n scene points Pi projects at two corre-
sponding points xi and x′

i on the unit spheres. As com-
mon in visual servoing [Malis 1999,Chaumette 2004,Fang
2005], we hereafter assume that the desired features (e.g.,
points) have been selected in the desired image in 〈d〉
(e.g., by means of an Harris detector) and then tracked
while the robot moves. In this way the correspondence
problem is automatically solved. More details can be
found in Sect. 6. Other fully automatic techniques, such
as cross-correlation, RANSAC, SIFT and others, can be
used to approach the correspondence problem, as de-
scribed in [Hartley 2000].

Parabolic Hyperbolic Planar

(m, ℓ) (a − 1, 1)

(−b2 + 2ea

e2 + a2
,
−2ea

e2 + a2

)

(1, 0)

Table 1: Parameters m and ℓ (a and b are the mirror
parameters, while e2 = a2 + b2) for some central cata-
dioptric vision sensors.
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Under the above hypotheses, the two-view geometry
relating point pairs (xi,x

′
i) exists [Hartley 2000], and we

define some basic facts in what follows.
The segment t = O′O is referred to as baseline and it

intersects the two spheres at the epipoles (Fig. 3), namely
e1 and e2 (in the current view) and e′1 and e′2 (in the
desired view). A plane Πi containing the baseline and
passing through the i-th scene point Pi is an epipolar
plane and its normal vector in 〈d〉 is n′

i , t × x′
i. The

epipolar plane intersects the two spheres in O′ and O
at the epipolar circles C′

i and Ci, respectively. It is an
easy matter to see that the epipolar circles pass always
through the epipoles and the sphere points (xi,x

′
i) (see

Fig. 3). One of the main entities in the two-view geome-
try is the essential matrix E ∈ IR3×3 [Hartley 2000], that
satisfies the epipolar constraint :

x′
i
T
Exi = 0 , i = 1, ..., n . (3)

It is paramount to note that the essential matrix E only
depends on the relative position and orientation between
the two views and it is given by:

E = t̂ R (4)

where t̂ is the skew-symmetric matrix of the baseline
t [Hartley 2000].

We remind that the sphere points (xi,x
′
i) in (3), are

obtained from image feature point (mi,m
′
i), thanks to

the inverse mapping (2).
The essential matrix in (4) is skew symmetric in some

special cases. For example, if we assume that R = I
(i.e., a pure translational t 6= 0 displacement between the

x′
i

xi

E
Πi

Pi

(R, t)e′1

e′2

e1

e2

C′
i

Ci

O′

O
〈c〉

〈d〉

Figure 3: Basic epipolar geometry for catadioptric cam-
era with known internal camera and mirror parameters.

current and the desired views), then from (4) it yields

E = t̂.

However, another configuration exists providing a skew
symmetric essential matrix, as pointed out by the follow-
ing theorem:

Theorem 1 (Ma et al. [Ma 2003]) Let t ∈ IR3 and
R ∈ IR3×3. If t̂R is skew symmetric, then R = I (pure
translation) or R = eûπ = −I where1 u = t

‖t‖ (i.e., a

relative rotation of π about the baseline).

3 The auto-epipolar condition

In this section, we will derive the auto-epipolar condi-
tion for catadioptric cameras as the main tool of our
image-based visual servoing for holonomic mobile robots
equipped with a catadioptric vision sensor. Note that,
thanks to the unifying model introduced in Sect. 2, the
auto-epipolar theory is valid also for several catadioptric
vision sensors and for pinhole cameras, also. The basic
concepts of auto-epipolar configuration and of disparity-
plane are introduced in what follows.

Definition 1 (Auto-epipolar configurations [Hartley 2000])
The relative camera view configurations yielding to a
skew-symmetric essential matrix E are referred to as
auto-epipolar configurations. �

Definition 2 (Disparity-plane) Consider the case in
Fig. 4, and let (mi,m

′
i) be two projections of the same

3-D point Pi (Sect. 2.1). A disparity-plane is defined as:

πi , x′
i × xi, (5)

being (xi,x
′
i) the points on the sphere which have been

uniquely retrieved using (2). �

Under a geometrical point of view, the disparity-plane
πi represents the plane generated by the superimposition
of xi and x′

i (each one expressed on its own reference
frame coordinates, as shown in Fig. 4). It can then be
computed, as in (5), without any time-consuming esti-
mation process.

The following proposition holds.

Proposition 1 Suppose given two central catadioptric
views (with known internal camera calibration parame-
ters) referred to as desired and current, taken at O′ and

1The exponential representation of rotation matrices has been
used.
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x′
i

x′
i

xi

xi
O′

O

Pi

πi

Di

m′
i

mi

h−1
h−1

cp

Figure 4: Construction of the disparity-plane πi by su-
perimposing xi and x′

i. Each disparity-plane πi projects
on the image plane at a disparity-conic Di.

O, respectively. A rigid body motion (R, t) occurs be-
tween their corresponding camera frames, with t 6= 0.
From (2), a given set of n ≥ 3 corresponding image point
pairs (mi,m

′
i) i = 1, ..., n is uniquely mapped to (xi ,x′

i)
on the unit sphere. We assume that the sphere points do
not all lie on the same plane, that is:

rank(x1 x2 ... xn) > 2. (6)

If an auto-epipolar configuration (Definition 1) occurs be-
tween the current and the desired views, then the epipoles
coincide in both views (up to a sign). Moreover, each
epipolar plane coincides with the corresponding disparity-
plane (5). �

The proof of Proposition 1 is given in the Appendix.

Remark 1 We note that, since each disparity-plane
projects on the image plane at a disparity-conic Di (see
Fig.4), then from Proposition 1 it follows that, under
the assumption of auto-epipolar configuration, all the n
disparity-conics Di have a common intersection at the
epipoles (in the image plane). Note that the Proposi-
tion 1 holds true independently from the 3-D scene ge-
ometry and on the feature distance to the camera.

Due to our image-based visual servoing purposes for
mobile robot motion, we are nevertheless much more in-
terested in using the converse property, i.e., in inferring
the occurrence of the auto-epipolar condition (thus, com-
pensation of the rotation) from the common intersection
of all the disparity-planes.

Theorem 2 (Auto-epipolar condition) Let us as-
sume the same hypotheses given in Proposition 1 and
that the sphere points do not lie in any singular config-
uration. Then, if the camera rotation is about its z-axis
and if all the disparity-planes πi, i = 1, ..., n ≥ 3 have
all a common intersection line, then R = I is the unique
solution.

Proof. For the sake of simplicity, we consider the case
in which the camera observes n = 3 points. Let us define
the matrix M built as:

M = [π1 π2 · · · πn]T ∈ IR3×n (7)

with πi as in (5). If all the disparity-planes intersect at a
line, then rank(M) = 2, i.e., M has two linear dependent
rows:

∃ i with i 6= j, k : πi ∼ αjπi + βkπk, (8)

(∼ means equality up to unknown scaling factors αj , βk ∈
IR not all zero). Now, substituting the expression of x′

i

(from (14)) into (5), then the expression (8) becomes

(Rxi+t)×xi = αj [(Rxj + t) × xj ]+βk [(Rxk + t) × xk] ,

and, after a scalar multiplication by t, one gets:

(−[xi]×Rxi + αj [xj ]×Rxj + βk[xk]×Rxk)
T

t = 0

that can be equivalently written as:

tT (Ai − αjAj − βkAk)Rs = 0 (9)

where
Rs = [cos θ sin θ 1]T

and

Aη =





−zηyη −xηzη yηzη

xηzη −yηzη −xηzη

0 x2
η + y2

η 0



 with η = {i, j, k}.

It is easy to verify that

Rs = [1 0 1]T

is the unique solution to the linear system in (9) and it
corresponds to R = I.

Two final remarks are in order at this point:
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• Under the hypotheses of Proposition 1 and Theo-
rem 2 we have excluded the occurrence of singular
image point configurations, a common assumption
in visual servoing. In our case, these configurations
consists in special 3-D scene point positions for
which the product (9) is the null matrix. Also if
this case may occur, we note here that we never
encountered this singularity neither during simula-
tions (Sect. 5), nor during experiments (Sect. 6).

• To test if the disparity-planes all intersect at a line,
it is possible to check if the matrix M in (7) is rank
deficient by exploiting the smallest singular value
σ3 obtained from the singular value decomposition
(SVD) of M. As the displacement approaches to
pure translation (i.e., z−axis rotation angle θ → 0),
then σ3 → 0. Due to the dependence of M on the
chosen image points, an analytical study of the be-
haviour of σ3 with respect to θ is very difficult. From
a numerical point of view, good results are obtained
if σ3 is squared and normalized with respect to the
second singular value σ2:

ξ =
σ3

2

σ2
. (10)

In particular, ξ does not present local minima
and its derivative is an odd function in a large
neighborhood of θ = 0, as shown in Fig. 5.

• From Theorem 2 we recall that, when ξ = 0, then
the disparity-planes all intersect at a unique line and
that, from Remark 1, it coincides with the baseline
t.

4 The image-based control law

As introduced in Sect. 1, the proposed control strat-
egy can be referred to as an image-based visual servoing
(IBVS), since it will mainly use the auto-epipolar con-
dition that, as said in the Remark 1, does not need any
knowledge of the observed 3-D scene geometry.

4.1 Basic setup and the Two-Steps con-

trol strategy

Consider the case in Fig. 6 and refer to q , [x y θ]T as
the robot configuration vector (with respect to the world
frame 〈w〉). A catadioptric camera is fixed on the mo-
bile robot with the robot frame 〈r〉 coincident with the

-150 -100 -50 0 50 100 150

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

Angle θ [deg.]

ξ
V

a
lu

e

Figure 5: Simulation results show that ξ = σ3
2

σ2

does not
present local minima and its derivative is an odd function
in a large neighborhood of θ = 0.

camera frame 〈c〉. The holonomic robot kinematics is:

ẋ = vx

ẏ = vy

θ̇ = ω
(11)

where vx and vy are the translational velocities and ω
is the rotational velocity about the zr axis. The current
image I is acquired by the robot in q, while the desired
image I ′ has been previously taken in q′ , [0 0 0]T .

The goal of IBVS consists in using image data to au-
tonomously drive the camera/robot to q′, i.e., to zero
both the rotational and the translational disparity. Let
us suppose that the camera/robot is in a unknown start-
ing configuration q(0) = [x(0) y(0) θ(0)]T (Fig. 7 left-
up). According to Theorem 2, in q(0) all the disparity-
conics do not have a common intersection (Fig. 7 left-

0 x

y
θ

yr
xr

ω

zr

Figure 6: The holonomic mobile robot 〈r〉 (square) is
equipped with a catadioptric camera (circle) and per-
forms a planar motion
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Figure 7: Image-Based Visual Servoing. (left-up) Camera/robot in the starting configuration q(0); (left-bottom)
Due to the initial rotation θ(0), all the disparity-conics do not have a common intersection point, but an area A;
(center-up) The auto-epipolar condition can be used to zero the rotational disparity; (center-bottom) In this case,
all disparity-conics intersect at the epipoles; (right-up) Translational motion along the baseline; (right-bottom) The
feature distance s goes to zero. The disparity-conic plots are obtained from simulation results with the Epipolar
Geometry Toolbox.

bottom), then exhibiting an intersection area A 6= 0. We
can thus imagine to design a Two-Steps control strat-
egy in which the robot first uses the auto-epipolar con-
dition to rotate toward an intermediate configuration
q = [x(0) y(0) 0]T (Fig. 7 center-up), i.e., until all the
disparity-conics intersect at the epipoles (Fig. 7 center-
bottom). After this, a translational motion is performed
along the baseline (Fig. 7 right-up) until the feature dis-
tance s zeroes (Fig. 7 right-bottom).

Finally note that, since the auto-epipolar condition
holds in the case that t 6= 0, the rotation compensation
phase must be performed before the translation control.

4.2 Compensating Rotation

The rotation compensation phase is based on the auto-
epipolar condition. In particular, the following angular
velocity:

ω = −kωσsξ (12)

where kω > 0 and σs = sign(ξ̇) (being ξ as defined
in (10)), guarantees the local asymptotic convergence
of θ to zero. In fact, let us consider the definite pos-
itive Lyapunov function V = 1

2θ2 whose derivative is

V̇ = θθ̇ = −θkωσsξ. Due to the convexity properties
of ξ (see Sect. 3), it follows that V̇ < 0 in a very large
set of values around the equilibrium θ = 0 deg.

It is worth noting that (12) is a simple propor-
tional controller on variable ξ. More complex and high-
performing controllers can be designed, however, the
main goal of this work is that of exploiting image-
based control errors more than stressing controller per-
formances.

4.3 Compensating Translation

The translation control law uses only image feature
points and is given by:

v = [vx vy]T = −kv s [e′x e′y]
T , (13)
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being kv > 0 and s ,
∑n

i=1 si/n the mean distance be-
tween current and target image points mi and m′

i mea-
sured along each disparity-conic Di, respectively (Fig.7
right-bottom).

In (13), the vector e′ , [e′x e′y]T represents the com-
mon disparity-conic intersection, i.e., the image projec-
tion of the baseline t. However, since we have two bi-
conic intersection points e′1 and e′2, this results in an
uncertainty on the direction to follow to reach the target
pose q′. To eliminate this uncertainty, it is sufficient to
provide an initial guess for e′ (let’s say e′1), then apply
(13) and examine the variation ∆s of the mean feature
distance, in order to finally discriminate the right value
for e′. It is an easy matter to see that

∆s < 0 ⇒ e ′ = e′1,

∆s > 0 ⇒ e ′ = e′2.

To prove the global asymptotic convergence of this

control law, consider the Lyapunov function V = x2+y2

2
whose derivative, using (13), is negative for all values of x
and y. In fact, differentiating V and using (13) it follows:

V̇ = −kv s λ ‖t‖2 < 0

being λ such that [x y]T = λ e′ with λ > 0.

4.4 The One-Step control strategy

The Two-Steps control strategy presented above does not
take into account possible uncontrolled camera/robot ro-
tation during the translation phase (e.g., due to floor
irregularities, wheels slippage or unmodelled robot dy-
namics). In the spirit of [Oriolo 2005] we can design an
Iterative Two-Steps strategy, switching from translation
to rotation every time the bi-conics common intersec-
tion area A (Fig. 7 left-bottom) increases over a chosen
threshold. However, this strategy results in a slow con-
vergence and accurate selection of the threshold must be
also taken into account.

In order to avoid the above drawbacks, we have imple-
mented a strategy that combines the rotational and the
translational control laws in order to execute the whole
visual servoing task in only One-Step. The main point
here is that the epipoles e′(1,2) (and thus the baseline

direction) are not available until the auto-epipolar con-
dition occurs. To avoid this problem we propose to use
an estimate ê′(1,2) obtained as the image coordinate of
the center of gravity of the bi-conic common intersec-
tion area A (Fig. 7 left-bottom). This strategy is faster
than the previous ones and compensates uncontrolled
camera/robot rotations due, e.g., to the floor irregular-
ities. Since an estimate of the translation direction is

Figure 8: Simulation results. Initial and desired (‘ghost’)
robot configuration with a catadioptric camera mounted
on (here shown according to the unifying sphere model
of Sect. 2.1.)

used then, differently from the Two-Steps strategy, the
translational control of the One-Step guarantees only the
local convergence to the desired pose.

5 Simulation results

Simulation results performed in MATLAB with the use
of the Epipolar Geometry Toolbox (EGT) [Mariottini
2005-a] have been presented2. The initial camera/robot
configuration has been chosen at q(0) = [10 10 45]T (see
Fig. 8) and the camera observes only 3 scene points. Note
that, also if our servoing algorithm performs better with
more than 3 points, we want to analyze here its perfor-
mances with the minimum number of points.

5.1 The nominal case

Due to the initial rotational displacement (i.e., θ =
45 deg.), all the disparity-conics do not exhibit a common
intersection. We have implemented the control laws (12)
and (13) in the Two-Steps (Sect. 4.1) and One-Step strat-
egy (Sect.4.4).

The control gains for the Two-Steps strategy are
αω = 2·104 and kt = 8·10−3. The control parameters ξ

2The Epipolar Geometry Toolbox, developed at the University
of Siena, allows the creation of single and multi-camera scenarios
as well as the computation of visual information and the estimation
of epipolar geometry. See http://egt.dii.unisi.it for additional
information.
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and s go to zero, as shown in Fig. 9(a)-(b). Note that
the second step starts at 29 sec. The resulting control
inputs are shown in Fig. 9(c)-(d).

The behaviour of the control parameters ξ and s for
the One-Step control law are shown in Fig. 10(a)-(b),
while the resulting translational and angular velocities
are shown in Fig. 10(c)-(d). Control gains are αω = 5·104

and kt = 8·10−3. Note that the time length of the One-
Step strategy is only 25 sec., significantly less than the
one in the Two-Steps.

Figures 11(a)-(b) shows the convergence in the image
plane of all the feature points to the desired positions
for both Two-Step and One-Step strategies. The latter
results in a shortest path of the feature points in the
image plane.

The two videos showing the robot motion with a cata-
dioptric camera on it can be downloaded at Extension 1
and Extension 2.
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Figure 9: Simulation results (Two-Steps). Nominal case:
(a) Parameter ξ goes to zero during the first step as all
the disparity-conics converge a common intersection. (b)
After the execution of the first step (29 sec.), the transla-
tional control is applied and the feature distance s goes
to zero. (c) Camera-robot translational velocities. (d)
Camera-robot angular velocity.

5.2 Sensitivity Analysis

In order to study the sensitivity of our IBVS for decreas-
ing baseline with noisy catadioptric images (noise with
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Figure 10: Simulation results (One-Step). Nominal case:
(a) Parameter ξ goes to zero as all the disparity-conics
tend to have a common intersection. (b) Feature distance
s goes to zero as rotational disparity goes to zero and
the camera/robot approaches the desired position. (c)
Camera-robot translational velocities. (d) Camera-robot
angular velocity.
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Figure 11: Simulation results. Nominal case: (a) 2-Steps:
Convergence of the features to the desired points in the
image plane. (a) 1-Step: Convergence of the features to
the desired points in the image plane.
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Gaussian distribution, zero mean and standard deviation
σ), we have run 40 iterations of the One-Steps strategy
for each value of σ. We studied the convergence error and
its standard deviation at the desired pose q′ for the two
control parameters ξ and s, as shown in Fig. 12(a)-(b).
We have observed that the decreasing of the accuracy
of convergence errors remains acceptable for increasing
noise power and also for decreasing baseline

6 Experiments

In order to validate the proposed image-based visual ser-
voing strategies, a series of experiments have been carried
out at the Siena Robotics and Systems lab (SIRS lab) in
Siena.

The experimental setup consists of a NOMAD XR4000
(see Fig. 1(a)). The control inputs, computed on a 2
GHz Pentium 4 processor with 640 MB RAM, are sent
to the robot via TCP-IP protocol. The central catadiop-
tric camera is made of a CCD color camera LU175C by
Lumenera screwed on a folded catadioptric mirror sys-
tem NetVision360 by Remote Reality, with a = 33.4 mm.
The orthographic camera parameters are fx = 13 mm,
fy = 14 mm, u0 = 616.3 and v0 = 628.2 pixels. All
image acquisition and feature tracking algorithms have
been realized using Intel’s OpenCV libraries 3.

A set of only n = 4 feature points have been selected
in the image in order to show the applicability of our
technique with a few number of points.

3Intel’s OpenCV: http://sourceforge.net/projects/opencvlibrary
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Figure 12: Sensitivity analysis: (a) Convergence error for
the controller variable ξ w.r.t. increasing noise power.
(b) Convergence error for the controller variable s w.r.t.
increasing noise power.

(a) (b)

(c) (d)

(e) (f)

Figure 13: Experimental results (Two-Steps). (a) Initial
and desired robot positions; (b) When a rotational dis-
parity occurs then all disparity-conics do not intersect;
(c) Rotation compensation after the 1st step; (d) After
the 1st step all the disparity-conics intersect at the same
two points; (e) Translational motion to the target posi-
tion; (f) Motion of the current feature points (dot) to the
desired ones (cross).

6.1 Experimental results: the Two-Steps

strategy

The initial configuration of the camera-robot is set to
q(0) = [1.2 m 1.2 m 35 deg]T while the desired one is set
to q′ = [0 0 0]T as shown in Fig. 13(a) where the desired
and the initial robot configurations are superimposed.
In the initial configuration, being the orientation not
equal to zero, the disparity-conics do not intersect at the
same two points (Fig. 13(b)). The Two-Steps strategy
is applied and the rotational controller in (12), based on
the auto-epipolar condition, is used to compensate the
rotation (Fig. 13(c)) until all disparity-conics intersect
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(Fig. 13(d)). Note that, in the real experiment, notwith-
standing image noise and unmodeled dynamics, the vari-
able ξ rapidly decreases to zero, as shown in Fig. 14(a).
A threshold τ2 = 1.5 · 10−3 has been used on ξ to stop
the first step. After the rotation compensation phase, the
translation control (13) is performed. The robot trans-
lates and its velocity decreases as the distance s gets
close to zero (see Fig. 14(b)). The overall performance
of our image-based visual servoing strategy was inter-
esting. In fact, the final configuration differs from the
desired one of an average distance of about 2 pixels for
each feature point. A small rotational error of ∼5 deg.
remained at the end of the servoing, probably due to
the floor irregularities during the translational step. The
robot translational and angular velocities are shown in
Fig. 15. Note that, due to its mechanical characteristics,
the robot stops when vx, vy ≤ 2 cm/sec.

The video showing the visual servoing can be down-
loaded at Extension 3.

6.2 Experimental results: the One-Step

strategy

We now present the experimental results regarding the
application of the One-Step servoing strategy. The
initial and the desired configuration have been chosen
equal to the Two-Steps experiment. The starting robot
configuration and the corresponding image plane with
disparity-conics are shown in Fig. 16(a)-(b), respectively.
Then the One-Step control strategy is applied and the
camera/robot starts moving to the desired pose, as in
Fig. 16(c)(d). Since the rotational control is always ac-
tive during the One-Step strategy, differently to the Two-
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Figure 14: Experimental results (Two-Steps). (a) First
step: parameter ξ decreases to zero during the rotation
compensation. (b) Second step: decreasing of the mean
distance s between corresponding feature points mea-
sured along disparity-conics.
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Figure 15: Experimental results (Two-Steps). Transla-
tional and angular robot velocities.

Steps strategy, no final rotation error occurs at the end
of the servoing (Fig. 16(e)). The final image point and
conic position is shown in Fig. 16(f). The convergence of
ξ and s is shown in Fig. 17(a)-(b), respectively. We note
that, also if the robot is approaching to the target, the
parameter ξ continues to go to zero smoothly, thus con-
firming the robustness of this strategy for a decreasing
baseline. The robot translational and angular velocities
for the One-Step strategy are shown in Fig. 18.

The video showing the visual servoing can be down-
loaded at Extension 4.

7 Conclusions and future works

A novel image-based visual servoing (IBVS) has been
presented for mobile robots without kinematic con-
straints with on-board calibrated central catadioptric
cameras. This kind of vision sensor combines lens and
mirrors to enlarge the field of view and its use in vision-
based control is recent. The main feature of our tech-
nique consists in exploiting a novel geometrical property,
the auto-epipolar condition, that can be detected directly
in the image space and which occurs when the desired
and the current views have the same orientation (i.e.,
only a translational motion occurs).

Differently to previous servoing strategies, the auto-
epipolar condition does not require any time-consuming
estimation or initialization process and is also indepen-
dent from the observed 3-D scene geometry. The auto-
epipolar condition and the feature point distance be-
tween the current and the target images are here used
to design the image-based control law. The IBVS guar-
antees the asymptotic convergence to the desired config-
uration in a wide set of attraction.
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(a) (b)

(c) (d)

(e) (f)

Figure 16: Experimental results (One-Step). (a) Initial
and desired robot positions; (b) When a rotational dis-
parity occurs then all disparity-conic do not intersect; (c)
The robot moves using both the rotational and trans-
lational control laws; (d) All the disparity conics con-
verge the same intersection point; (e) Final position of
the robot (f) Current feature points (dot) reach the de-
sired ones (cross).

Simulations and experimental results on a real robot
validate the proposed image-based strategy, in particular
when a One-Step strategy is used.

Future works will deal with the extension of this IBVS
to nonholonomic mobile robots on the basis of recent
works, such as [Mariottini 2007]. Possible extensions
will also deal with the design of correspondenceless visual
servoing with uncalibrated central catadioptric cameras.
Note that interesting results on this topic for (off-line)
image-based localization have been presented in [Pajdla
1999] and, more recently, in [Makadia 2007].

[Proof of the auto-epipolar condition]
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Figure 17: Experimental results (One-Step). (a) Param-
eter ξ decreases as the robot compensates the rotational
disparity; (b) Distance s decreases.
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Figure 18: Experimental results (One-Step). Transla-
tional and angular robot velocities.

We first show that the epipoles in both views coincide.
Since the relationship between X′

i and Xi can be written
as

X′
i = RXi + t (14)

it then results that the expressions for the epipoles are:

e′1,2 = ± t

‖t‖ and e1,2 = ±−RT t

‖t‖ . (15)

Under the assumptions of Theorem 1) and from (15), it
results that all the epipoles coincide with the baseline (∼
means equality up to scaling), i.e. :

e′1,2 ∼ t and e1,2 ∼ t.

Consider now the two projections xi and x′
i on the

sphere, of a 3-D scene point Pi given by:

x′
i =

X′
i

‖X′
i‖

and xi =
Xi

‖Xi‖
. (16)
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Using (14) in (17), and since R = ± I, it results:

x′
i = ±xi

‖Xi‖
‖X′

i‖
+ t

1

‖X′
i‖

, i = 1, ..., n. (17)

and substituting (17) in (5), after some simple computa-
tions, we obtain:

πi =
1

‖X′
i‖

(t× xi) , i = 1, ..., n. (18)

From (18) it results that, under the hypothesis of auto-
epipolar configuration, all the disparity planes have a
subspace in common (excluding the trivial [0 0 0]T ).

If we gather all of them in a matrix M, defined as:

M ,
[

π1 π2 · · · πn

]T
(19)

then, from (18), it is an easy matter to see that
dim(Ker(M))≥ 1. In particular:

1. if dim(Ker(M))=1, and being xi all distinct,
then t ∈ Ker(M) (the baseline);

2. if dim(Ker(M)) = 2, then Ker(M) is a plane.

However, from (18) Ker(M) can be a plane only if xi ∼
xj ∀ i, j , that can not occur because of the hypotheses.
In conclusion, all the disparity-planes πi (i = 1, ..., n)
have the baseline t in common. Moreover, since each
disparity-plane also goes through xi by definition, then
it is an easy matter to conclude that the disparity-planes
and epipolar planes coincide.

[Index to multimedia Extensions]
The multimedia extensions to this article can be found

online by following the hyperlinks from www.ijrr.org

Nmb. Media Description

1 VIDEO SIMULATION. Two-Steps Strategy.

2 VIDEO SIMULATION. One-Step Strategy.

3 VIDEO EXPERIMENT. Two-Steps Strategy.

4 VIDEO EXPERIMENT. One-Step Strategy.
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Sastry, S.S. (2003) An Invitation to 3-D Vision:
From Images to Geometric Models, Springer.

[Makadia 2007] Makadia, A. and Daniilidis, K. (2007).
Correspondenceless structure from motion. Interna-
tional Journal of Computer Vision, To appear.

[Malis 1998] Malis, E. and Chaumette, F. and Boudet, S.
(1998). 2D 1/2 visual servoing stability analysis
with respect to camera calibration errors. 1998
IEEE/RSJ International Conference on Intelligent
Robots and Systems, 13-17 Oct. 1998. Victoria, BC,
USA. pp. 691–697.

[Malis 1999] Malis, E. and Chaumette, F. and Boudet, S.
(1999). 2-1/2-D visual servoing. IEEE Transactions
on Robotics and Automation. 15(2): 238–250.

[Mariottini 2005-a] Mariottini, G.L. and Prattichizzo, D.
(2005). Egt for multiple view geometry and vi-
sual servoing. Robotics and Automation Magazine.
12(4):26–39.

[Mariottini 2005-b] Mariottini, G.L. and Alunno, E. and
Piazzi, J. and Prattichizzo, D. (2005). Epipole-based
visual servoing with central catadioptric camera.
2005 IEEE International Conference on Robotics
and Automation. pp. 3516–3521.

[Mariottini 2007] Mariottini, G.L. and Oriolo, G. and
Prattichizzo, D. (2007). Image-based visual servoing
for nonholonomic mobile robots using epipolar ge-
ometry. IEEE Transactions on Robotics. 23(1): 87-
100.

[Mezouar 2004] Mezouar, Y. and Abdelkader, H. Haj
and Martinet, P. and Chaumette, F. (2004). Central
catadioptric visual servoing from 3d straight lines.
2004 IEEE/RSJ International Conference on Intel-
ligent Robots and Systems, pp. 343–349.

[Nayar 1997] Nayar, S.K. (1997) Catadioptric omnidi-
rectional camera. International Conference on Com-
puter Vision and Pattern Recognition. pp. 482–488.

[Oriolo 2005] Oriolo, G. and Vendittelli, M. (2005). A
framework for the stabilization of general nonholo-
nomic systems with an application to the plate-ball
mechanism. IEEE Transactions on Robotics. 21(2):
162–175.

[Pajdla 1999] Pajdla, T. and Hlaváč, V. (1999). Zero
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