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Abstract— This paper presents an epipolar based visual
servoing for mobile robots equipped with a panoramic cam-
era. The proposed visual servoing is based on the epipolar
geometry and exploits the auto-epipolar property, a special
configuration for the epipoles which occurs when the desired
and the current views undergo a pure translation. This
occurrence is detectable observing when the bi-osculating
mirror conics co-intersect at the two epipoles. The auto-
epipolar condition enables our controller to retrieve the equal
orientation between target and current camera. Translation
is performed by exploiting the epipoles. Simulated experi-
ments and Lyapunov-based stability analysis demonstrate the
parametric robustness of the proposed method.

I. INTRODUCTION

In visual servoing, the control goals and the feedback
laws are directly designed in the image domain. Designing
the feedback at the sensor level increases system perfor-
mances especially when uncertainties and disturbances can
affect the robot model and the camera calibration [8].

Visual servoing has been also applied to mobile
robots [10], [4] however the problem of keeping the fea-
tures in the field of view remains one of the main issues.
Several approaches have been proposed to deal with the
image constraints of pin-hole cameras such as switching
or hybrid control techniques [3], [12].

Recently, omnidirectional cameras have been introduced
in computer vision [14]. These new sensors are charac-
terized by a wide field of view that allows to design
visual servoing strategies without worrying about image
constraints.

The original contribution of this work is to propose
a visual servoing algorithm for holonomic mobile robots
equipped with a fixed omnidirectional camera. While visual
servoing with pin-hole cameras has been deeply investi-
gated in the literature, less results exist for omnidirectional
cameras. In [5] a vision-based control law is implemented
to control a formation of mobile robots equipped with
omnidirectional cameras. A switching control law for the
pose control of a car-like vehicle with a panoramic camera
mounted on has been studied in [17].

We propose a visual servoing strategy for holonomic
mobile robot based on epipolar geometry retrieved from
current and desired image grabbed with the on-board
omnidirectional camera. Epipolar geometry is the intrinsic
projective geometry between two views [6]. Our servoing

law is then independent of the observed scene structure,
and only depends on the camera internal parameters and
on the relative pose of the two views [7].

This paper builds upon previous contribution [15] where
the servoing problem was considered for pin-hole cameras.
We here exploit, in the case of panoramic views, the
auto-epipolar property as the main feature of the visual
controller. Our servoing law is divided in two independent
steps dealing with the compensation, respectively, of rota-
tion and translation occurring between the actual and the
desired views. In the first step a set of bi-osculating conics,
or bi-conics for short, is controlled in order to gain the
same orientation between the two views. In the second step
epipoles and corresponding feature points are employed to
execute the translational step necessary to reach the target
position.

Simulated experiments and Lyapunov based stability
analysis validate the proposed method.

II. BACKGROUND

A. Epipolar Geometry for panoramic cameras

For the reader convenience we now review basic facts
from the epipolar geometry relating a pair of panoramic
cameras [16].

A central panoramic camera with hyperbolic mirror con-
sists of a pin-hole camera looking into a convex hyperbolic
mirror centered at f (Fig. 1). Note that the pin-hole camera
is centered on the focus f ′ of the opposite sheet of the
hyperboloid.

By construction every scene point p projects at x onto
the mirror surface through the focus f . The image point
m (pixels) is then obtained via perspective projection of
x through f ′. The fact that all incoming rays intersect
at a single viewpoint f is an important property and is
a necessary condition for the existence of the epipolar
geometry [1].

Consider two fully calibrated central panoramic cameras,
referred to as {a} actual and {d} desired, respectively, and
centered in fa and fd (Fig. 2). Without loss of generality
we choose the world reference frame coincident with the
desired camera frame, further we suppose the cameras
having the same calibration and mirror parameters.

The segment fafd, called the baseline, intersects the
two mirror surfaces at the epipoles. Note that the baseline
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Fig. 1. Imaging model of panoramic camera with hyperbolic mirror.
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Fig. 2. Basic epipolar geometry setup for panoramic cameras. Every
epipolar plane contains the baseline. The intersection between an epipolar
plane and the mirror surface characterizes a mirror epipolar conic.

intersects each mirror at the mirror epipoles, namely ca1,
ca2 for the actual camera and cd1, cd2 for the desired
one (Fig. 2). The mirror epipoles are projected to the
image planes in the image epipole ea1, ea2 and ed1, ed2

respectively.

A plane π containing the baseline is called epipolar
plane. It intersects each mirror surface at a mirror epipolar
conic C that is projected to the image epipolar conic on
the image plane.

Given one scene point pi there exists an associated
epipolar plane that generates, for each camera, a mirror
epipolar conic Ci containing both the epipoles and the
projections of pi (Fig. 2). Note that since the epipoles ca
and cd belong to every mirror epipolar conics, also their
projections to the image plane ea and ed belong to every
image epipolar conic.

In this two-views setup, each of N scene point pi

projects to the actual and the desired mirrors respectively in
two corresponding points xai, xdi and then to the image
planes in points mai and mdi. In general there exists a
function η : IR3 → IR2, dependent on calibration and
mirror parameters, such that, given a point on the mirror
xi, it returns the point projection to the image plane m,
namely η(xi) = mi [2]. We henceforth suppose that
the correspondence problem is solved by using an initial
selection of point pairs and an automatic feature tracking,
during the camera motion.

Given a pair of cameras and their views of a scene there
exists a matrix E ∈ IR3×3, called the essential matrix [7],

such that
xd

T
i Exai = 0 (1)

for all corresponding mirror points xdi and xai

i = 1, ..., N , obtained as a back-projection of the cor-
responding image points mdi and mai. In general the
essential matrix has rank 2 and is defined up to an arbitrary
scale.

For any point xa in one mirror, nd = Exa defines the
normal vector, with respect to the desired mirror frame,
to the epipolar plane. Likewise, given any point xd, na =
ETxd defines the epipolar plane normal vector expressed
with respect to the actual camera frame. In the case of
pin-hole camera the normal vectors na and nd represent,
in homogeneous coordinates, the epipolar lines associated
with points xa and xd, respectively.

Since the epipoles belong to any epipolar plane, we have
thus

ca
Tnai = 0, cd

Tndi = 0 ∀i (2)

Equations (2) holds true for every i, therefore ca and
cd represent the null spaces of the matrices ET and E,
respectively. The essential matrix depends on the relative
position and orientation of the two cameras, namely

E = t̂R (3)

where t̂ is the skew-symmetric matrix obtained from the
relative translation vector t and rotation matrix R between
the two cameras.

III. AUTO-EPIPOLAR CONFIGURATIONS

In general, an essential matrix takes the form of (3)
but there are certain configurations that cause the essential
matrix to be skew symmetric. For example, under pure
translational displacement between two cameras (i.e. R =
I), the essential matrix becomes

E = t̂ = ĉd (4)

However another configuration exists which provides a
skew symmetric essential matrix as pointed out by the
following theorem:

Theorem 1 (Ma et al. [11]): Let t ∈ IR3 and R ∈
SO(3). If t̂R is skew symmetric, then R = I or R = eûπ

where1 u = t
‖t‖ . Further, t̂eûπ = −t̂.

Theorem 1 describes the two configurations where the
essential matrix is skew symmetric: pure translation and
relative rotation of 180 degrees about the baseline.

Definition 1 (Auto-epipolar configurations): The
relative configurations between two cameras yielding
to a skew-symmetric essential matrix are referred to as
auto-epipolar configurations.

Remark 1: The auto-epipolar configuration is funda-
mental to design our visual servoing algorithm. In what
follows we will introduce the concept of bi-osculating
conics that will allow us to observe the occurrence of the
auto-epipolar configurations for panoramic cameras, only
through the image points without estimating the epipolar

1The exponential representation of rotation matrices has been used.



geometry. The main idea presented in Sec. IV is to design a
visual servoing that will steer the camera-robot in the auto-
epipolar configuration where R = I , thus compensating the
orientation disparity.

For pin-hole cameras, the auto-epipolar property has
been addressed in [9]. In the case of panoramic cameras
we extend the bi-tangent line concept defining the bi-
osculating conics or bi-conics, for short.

Definition 2 (Bi-osculating conics, or bi-conics):
Consider two images of the same scene with a pair of
corresponding image points md and ma. Overlap the two
images. Let xd and xa be their back-projections to one of
the known mirror surfaces. Let the mirror bi-osculating
conic as the intersection between the plane ψ with normal
vector n = xd × xa and the desired camera mirror2. The
image bi-osculating conic is the projection of the mirror
bi-osculating conic to the image plane.

Proposition 1 (Common intersection line): Consider a
set of N corresponding points mdi and mai for i =
1, ..., N and let xdi and xai their back-projections to the
mirror. Consider the matrix M ∈ IRN×3 containing all the
normal vectors ni = xdi × xai to the planes ψi, namely
M = [xd1 × xa1, ..., xdN × xaN ]T . If matrix M has rank
2 then all planes ψi intersect at a common line � ∈ IR3×1

or equivalently
xd

T
i �̂xai = 0, ∀i.

In other terms � is perpendicular to ni, ∀i.
Proof: If M has rank 2 then there exists a right null

vector � such that M� = 0, namely (xdi × xai)T � = 0 ∀i
that means each plane ψi contains the vector � and since
all planes pass through the origin of the desired mirror
frame then it follows that there exists a unique common
intersection line � between all planes. From the property
of the triple scalar product the expression (xdi×xai)T � = 0
is equivalent to xd

T
i �̂xai = 0 ∀i, as required.

It is easy to verify that if N different planes ψi all share
a common intersection line then all the bi-osculating conics
pass through the same two points (Fig. 2).

The relationship between bi-osculating conics and auto-
epipolar configurations is stated in the two following the-
orems for points in general configuration.

Theorem 2: Consider 8 corresponding points mdi and
mai in two views and let xdi and xai be their back-
projections on the mirror surfaces. Assume that the matrix
A = [a1, a2, . . . , a8]

T has full rank, where ai = (xai ⊗
xdi)T .3 If the matrix M has rank 2 (from Proposition 1
there exists a common intersection line between all planes
ψi), then the essential matrix E is skew symmetric.

Proof: Since M is rank 2 from Proposition 1 there
exists a common intersection line for at least eight planes,
therefore xd

T
i �̂xai = 0 holds true. Then at least one

essential matrix E = �̂ for the eight corresponding mirror

2Note that xa and xd belong to the bi-osculating conic. In fact they
are vectors applied to the origin of the same mirror frame, the desired or
the actual one.

3The symbol ⊗ is the Kronecker product and the resulting vector
ai ∈ IR9×1

points xdi and xai exists. But since the matrix A has rank 8,
then there will exists a unique [11] (up to a scale) essential
matrix E = �̂, thus ending the proof.

Fig. 4 (bottom-left) shows the image plane bi-conics
when the plane ψi do not share a common intersection
line, i.e. the camera are not in auto-epipolar configuration.
On the other hand Fig. 4 (bottom-center) shows the image
plane bi-conics when all planes ψi have a common intersec-
tion line and the camera are in auto-epipolar configuration.

The previous theorems provide an important tool to
recognize when the cameras are in auto-epipolar configura-
tion (Def.1). The camera is in auto-epipolar configuration
if matrix M has rank 2 (recall that M ∈ IRN×3). It is
worthwhile to mention that to build matrix M we only
need to know back-projection mirror points xai and xdi

that can be retrieved from the image points mai and mdi

and the internal camera calibration matrix.

A. Planar motions

In the presence of points in general configurations
(matrix A full rank in Theorem 1), there exist only two
auto-epipolar configurations. However since the robot is
constrained to move on a plane, the co-intersection of the
mirror bi-conics implies the pure translational displace-
ments of the cameras. The other auto-epipolar configuration
occurs in fact when one camera is rotated of 180o around
the baseline with respect to the other and this will not
occur for planar camera motions. The planar case allows
us to design a rotational VS controller exploiting the co-
intersection of the bi-conics as objective, or in other words
when the matrix M has rank 2. To test if matrix M is
rank deficient we propose to exploit the smallest singular
value σ3 obtained by singular value decomposition (SVD)
of M . As the displacement approaches to a pure translation
the smallest singular value approaches to zero. In practical
cases however we experimentally verified that better results
are obtained if the smallest singular value is squared and
normalized with respect to the second singular value, i.e.

ξ =
σ3

2

σ2
(5)

If the two cameras are purely translated then ξ is exactly
zero as shown in Fig. 3.
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Fig. 4. The visual servoing algorithm steers the holonomic camera-robot from the starting configuration centered at fa (no common intersection
between bi-conics exists), through an intermediate configuration when both views have the same orientation (common intersection exists), towards the
position fd (s(t) = 0).

Remark 2: Function ξ(t) will be used as a control vari-
able for the rotational part of the proposed visual servoing.
Note that the derivative of ξ(t) is an odd function in a large
neighborhood of θ = 0o (Fig. 3).

IV. MOBILE ROBOT CONTROLLER

In this section we present a new image-based visual
servoing strategy for holonomic mobile robots with a
catadioptric camera fixed on it, based on the results of the
previous sections.

Let q = (x, y, θ)T be the robot configuration vector with
respect to the world frame < Oxyz >w (Fig. 5). Let vx,vy

be the translational velocities and ω the rotational velocity,
respectively

ẋ = vx

ẏ = vy

θ̇ = ω
(6)

Suppose that a fixed catadioptric camera is mounted on the
mobile robot such that its optical axis is perpendicular to
the xy-plane. Without no loss of generality we suppose
that a target panoramic image, referred to as desired,
has been previously acquired in the desired configuration
qd = [0, 0, 0]T . Moreover, one more panoramic view, the
actual one, is available at each time instant from the
camera-robot in the actual position. As shown in the initial
setup of Fig. 4 (upper-left), the mobile robot disparity
between the actual and the desired poses is characterized
by rotation R ∈ SO(2) and translation t ∈ IR2.

The control law will be able to drive the robot disparity
between the actual and the desired configuration to zero

x
y

θ

x (t)

y(t)

ω
[vx ,vy]

0

Fig. 5. The holonomic mobile robot with a fixed catadioptric camera
moving on a plane.

only using visual information. In particular, we will regu-
late separately the rotational disparity (first step) and the
translational displacement (second step). The main feature
of our control scheme is that it exploits the auto-epipolar
condition (Sec. III) in order to compensate rotational dis-
parity, thus not involving any estimation procedure.

The goal of the first step is to bring the actual omnidi-
rectional view to have the same orientation of the desired
one. During the first step, the translational velocity is set
to zero vx = vy = 0 while the angular velocity is set to

ω = −αωΨ(t) where Ψ(t) = σsξ(t) (7)

where αω is a positive scalar, σs = sign(ξ̇(t)) and ξ(t) is
the control variable as defined in (5).

The test for local asymptotic convergence can be done
considering the definite positive Lyapunov function V =
1
2θ

2 whose derivative is V̇ = θθ̇ = −θαωΨ(t). Due to the
properties of ξ(t) (Remark 2), it follows that V̇ < 0 in a



large interval around the equilibrium θ = 0o.

Note that the domain of attraction is related to the
singular values behavior with respect to θ that has been
experimentally evaluated.

The rotational error of the mobile camera robot is
regulated to zero during the first step with the control
law proposed in (7). It is worth noting that the proposed
controller is a simple proportional controller on variable
ξ. More complex and high performance controllers can be
tested, however the main focus of this paper is to design
epipole-based control errors more than stressing controller
performances.

Remark 3: When a translation occurs between the cam-
eras, as at the end of the first step, the intersections of
bi-conics coincide with the epipoles of the camera (Fig. 4,
(bottom-center)). This is an important property that enable
us to retrieve epipoles that will be used in the second step
to choose the translational direction.

Let now address the second step that will start when
||ξ(t)|| < ε, i.e. when only a pure translation is needed
to reach the target configuration. During this translational
motion, according to Fig. 8(a), all bi-conics intersect at
the epipoles and the corresponding feature points mai will
slide onto the epipolar conic Cdi toward mdi.

Due to this property, if the camera-robot is constrained
to move along the baseline, then the translation will stop
when all features are matching. This condition can be
checked observing when s(t) =

∑
si(t), with si(t) are

the distances between mai(t) and mdi(t) computed along
the conic Cdi, is equal to zero (Fig. 8(a)).

The direction of translation, that is coincident with
the baseline, can be retrieved from the knowledge of
the epipole c̃d pointing toward fa (Fig. 6 (b)), chosen
between the two epipoles c1d and c2d (Remark 3). Even
if the baseline provides the translation vector, we have
an uncertainty on the direction to follow to reach the
target. In order to remove this uncertainty, i.e. to find the
epipole c̃d, provide an initial guess c̃dg and consider the
variation ∆φ of the angle φ =

∑N
i=1 φi (Fig. 6 (b)), where

φi = arctan(maiy/maix) − arctan(mdiy/mdix) obtained
after a small and finite motion along the direction of the
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mdi. After the first step all epipolar conics intersect at the epipoles. (b)
If the actual robot moves to the desired position, then φ tends to zero.
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Fig. 7. Simulation results for the first step. The robot, placed in the
actual configuration, rotates until the same orientation of the desired
configuration is obtained.

initial guess c̃dg . It is straightforward to check that

if ∆φ < 0 ⇒ c̃d = c̃dg

otherwise the initial guess was wrong and the other epipole
is chosen to perform the second step of the visual servoing.

Set the angular velocity to zero and choose the transla-
tional velocity as

v = −s(t)[ c̃dx , c̃dy ]T . (8)

To prove the asymptotic convergence of this control law,
consider the Lyapunov function V = x2+y2

2 whose deriva-
tive is negative for all values of x and y. In fact it ensures
that V̇ = −s(t)λ‖c̃d‖2 where λ is such that [x, y]T = λc̃d
with λ > 0 (Fig. 6 (b)).

Recall that s(t) =
∑
si(t) is always positive because is

a distance and is zero only when the desired configurations
is reached (Fig. 6(a)).

V. SIMULATION RESULTS

Simulations to validate the proposed visual servoing have
been performed in MATLAB with the use of the Epipolar
Geometry Toolbox (EGT) [13]. EGT is a set of MATLAB
functions to build multi-cameras simulation setups and to
manipulate the multiple-view epipolar geometry.

A. First Step: Rotational Controller

Without loss of generality consider the desired camera-
robot with configuration qd = [0, 0, 0]T while the initial
one has been placed at qa = [10, 7, π/4]T . We here present
simulation results for the first step that rotates the actual
camera-robot until the same orientation of the desired
camera is gained. In this step the translational velocity is
constrained to zero. Fig. 7 gathers some simulation results.
The left and the right top windows show, respectively, the
actual and desired camera locations, together with scene
points.
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Fig. 8. Simulation results for the second step. The translational controller
guarantees the motion of the robot along the baseline (the feature slide
along the bi-conic). Then it stops when the distance s(t) between
corresponding features is equal to zero i.e. the robot is in the desired
pose.

On the left bottom window of Fig. 7 we can observe
the feature points (crosses) moving from initial position
towards the bi-conics. In the right bottom Fig. 7 it is shown
the angular velocity ω provided by the controller. Note
that when ω approaches to zero, all bi-conics intersect at
the same two points (i.e. the epipoles) and also the error
variable ξ(t) in (5) approaches to zero.

B. Second Step: Translational Controller

After the two cameras gain the same orientation, the
translational controller starts to steer the robot towards the
desired configuration. In this case the control law proposed
in (8) is applied, with ω = 0, and simulation results are
reported in Fig. 8. In the left-top window the translational
velocities vx(t) and vy(t) are reported. In the right-top
window the distance s(t) between all feature points goes
to zero, as reported in the bottom center window, where
crossed points (actual positions) go to the desired one
(circles).

VI. CONCLUSIONS AND FUTURE WORK

In this paper we presented an epipolar based visual
servoing for a mobile robot equipped with a panoramic
camera. The main feature of the proposed technique is
the use of epipolar geometry to visually control the robot
motion. In [15] the authors presented a completely de-
coupled translational and rotational controller, based on
the auto-epipolar configuration. We have here extended
that technique to a different type of visual sensor, i.e. the
omnidirectional camera. Lyapunov-based stability analysis
and simulations have confirmed the validity of our new
approach.

In this work the mirror and camera parameters are a
mandatory requirement for computing the bi-osculating
mirror conics. Some uncertainties on the calibration knowl-
edge may actually imperil the control process. Nevertheless
work is in progress to relax the calibration knowledge
hypothesis.

Our auto-epipolar based controller splits the rotation and
translation in two different tasks with the purpose to obtain
more simple visual servoing tasks. The main idea is to split
the entire VS process in several sub-tasks with the aim to
tackle each of them with robust and reliable control laws
and with different type of cameras. It is our belief that
such controllers can be attached together in order to design
a globally convergent vision based navigation system for
mobile robots.
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