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Abstract  

Exploring unstructured and unknown environments is 
one of the most important tasks of mobile robotics. 
Usually, in outdoor navigation, exploring unstructured 
environments is based on or is functional to map mak- 
ing procedures. This paper deals with the problem of 
representing and updating maps from height field mea- 
surements. A technique for dynamic updating maps, 
in the presence of bounded uncertainties on the height 
field is presented. The technique is based on the set 
membership estimation theory, and allows for adaptive 
refinement of the environment description. 

1 Introduction 

In outdoor robot navigation, maps are useful for many 
purposes: localization, e.g. by means of landmark 
identification and matching [13], path planning and 
autonomous navigation [9, 51. Several different ap- 
proaches have been introduced for describing unknown 
environments, depending on available sensors, terrain 
characteristics, etc. [6, 31. 
In the exploration of uneven terrain regions, it is com- 
mon practice to acquire images of the scene and then 
construct elevation maps of the region. Elevation maps 
are usually represented through highly structured sur- 
faces [4] which allow to reduce the complexity of the 
map, and therefore the processing time, which is a 
mandatory requirement in real time applications. A 
successful technique for the approximation of elevation 
maps is the Delaunay triangulation, which is a standard 
tool in computational geometry [2, 111. 
This paper deals with representing and dynamic u p  
dating of elevation maps in mobile robots autonomous 
navigation. While navigating, the robot must update 
the representation of the surrounding height field. This 
includes several tasks: removing from the map re- 
gions that are not interesting for navigation, including 
new terrain portions in the map and update the infor- 
mation concerning common areas, exploiting measure- 
ments from new data. 
Since both sensor measurements and robot motion esti- 
mates are affected by errors, map updating should ex- 

plicitly account for the presence of uncertainty. In this 
paper, we apply the recently developed set membership 
estimation theory [lo, 8, 71 to the problem of map up- 
dating in the presence of bounded errors. An uncertain 
interval is associated to each point of the elevation map 
and the uncertainty level is used to adaptively refine the 
description of the environment. 

2 From range. images to terrain maps 

The exploration of outdoor environments is usually per- 
formed through mobile robots equipped with sensors 
providing range images, which are images where the 
intensity of each pixel is proportional to the distance of 
the point depicted. Beyond technological motivations, 
this choice is motivated by the fact that it is easy to 
retrieve 3D-information from range images. In partic- 
ular, terrain elevation maps commonly used in naviga- 
tion planning can be efficiently constructed from range 
images data. 
In the following, a standard technique for the construc- 
tion of elevation maps from range images is briefly out- 
lined. Let ah, cr, denote the horizontal and vertical 
scan angles of the sensor generating the range image 
and let Aa be the sensor angle resolution. Consider a 
Cartesian reference frame < 0 > b e d  at the mobile 
robot with the range sensor placed at height 1. Each 
measurement provided tgv the range image is taken 
along the straight line defined by 

(1) 
x = y tan (I'h'+ iAa) 
z = 1 + ytan(r,  +jam) 

where ( z , j ) ,  s.t. -& 5 i 5 &; --% I j I &, 
are the coordinates of the considered point in the range 
image (referred to the center of the image) and r, 
(I'h) is the initial vertical (horizontal) orientation of 
the rangefinder. 
The distance measured by the sensor, can be expressed 
in the rectangular coordinates as 

d(z, y, z )  = 49 + y2 + (2 - l ) 2 .  

Solving (1) and (2) for a known distance d, provides 
the coordinates of the terrain element (5, y, z )  corre- 
sponding to any pixel of the image, thus obtaining an 
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unevenly spaced height field 

2 = h(x ,  y). (3) 

In our context the height field (3) represents the mea- 
surement equation used to update navigation maps. 
The finite set of points (z, y), where the measurement 
equation (3) is defined will be denoted by H .  
The environment representation obtained in this way 
may be inefficient in terms of memory space require- 
ments and computational burden. Since we are inter- 
ested in mobile robot applications, the minimization of 
mobile processing power and memory is of paramount 
importance. Moreover, using height fields, uneven and 
flat zones are described with almost the same density of 
points, thus leading alternatively to poor or redundant 
descriptions. 
A possible approach for reducing complexity and con- 
vert the discrete representation of the height field into 
a continuous one is to use the so called triangulated 
irregular networks [4]. 
The rendering of an height field h ( z ,  y) can be easily ob- 
tained by means of triangular meshes. We introduce a 
reconstruction operator L mapping a function h ( x ,  y), 
defined over a discrete set of points- H ,  to a function 
L ~ ( z , y )  defined at every point of H ,  the convex hull 
of H .  This is accomplished by building a triangulation 
(i.e. a planar interpolation of each triple of nearest 
points in h),  and using this continuous surface to de- 
scribe points where h ( x ,  y) is not defined. Note that 
it is possible to build an approximation of h(z,y) by 
using an irregular subset S c H .  in this case the sur- 
face will be denoted by z = &(z, y) and will be called 
Triangulated Irregular Network (TIN). 
Our goal here is to find the smallest subset S which al- 
lows to approximate h for a given accuracy level. This 
leads one to use triangulation methods that employ m- 
finement strategies: we start with a very small subset 
So bee Fig. 1) and iteratively add new points to the set 
S until some predefined accuracy threshold is achieved. 
One of the more efficient and numerically stable algo- 

Figure 1: Case of rectangular B. The height field domain 
is divided in triangles TI and T2 (subset SO). 

rithms providing a solution to this problem is the De- 
launay triangulation [2, ll], which uses only the (z, y) 
projection of the height field. The procedure is specif- 
ically designed to maximize the minimum angle of all 
triangles, thus reducing the occurrence of thin triangles 
(slivers). Once the accuracy level AhT is assigned, the 
interpolation algorithm starting from a simple triangu- 
lation, see Fig. 1, proceeds along the following steps: 

Triangulation algorithm 
(1) Analyze each triangle Ti: for each point (z,y) E 
Ti n H evaluate the difference 

ERR(%,  Y) = IWz, Y) - & ( x ,  Y)l. (4) 

Find the point (Z, 3) E T i n H  which maximizes (4) and, 
if E R R ( x ,  y) > AhT, add it to a list L of points to be 
inserted into the triangulation. 
(2) When all the triangles have been scanned, choose 
from L the candidate (Z,g) that maximizes (4), insert 
it in the triangulation, using the incremental Delaunay 
method (see [4, 121 for details) and update the list L. 
Apply the aforementioned analysis (step 1) to all the 
new triangles, thus generated. 
(3) If the list L is not empty, go to step 2. 
Note that the test on local error, eq. (4), is very sim- 
ple from the computational burden point of view, thus 
satisfying the need for economy of resources. 
The algorithm has two inputs: the given accuracy AhT 
and the discrete height field h. The output of the 
algorithm is the TIN: the set of points S, included in H ,  
defining the triangulated approximation Ls (z, y) over 
H and such that it satisfies 

Ih(z, Y) - Ls(z ,  Y ) I  I A ~ T  v(z, Y) E H. (5) 

It is worth noting that more accurate information on 
the interpolation is gained by storing the worst case 
interpolation error iAhT associated with each triangle 
Ti in S . 

3 Maps with uncertainties 

During exploration of an unknown outdoor environ- 
ment, the mobile robot takes different measurements 
of the surrounding terrain. These views will usually 
share some information, but each provides some new 
data, that can be used to improve the construction of 
the map itself. Assume that the height field domain 
at sampling time k + 1, denoted by H ( k  + l), shares a 
nonempty fraction of the terrain data with the previous 
domain H ( k ) ,  see Fig. 2. 

H(k+l) 

Figure 2: Two height fields domain at different sampling 
times sharing a non empty area. 

In an ideal framework, where both sensor and process 
noises are negligible, we can assume that the height field 
provides exact samples of the terrain heights, and that 
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the robot motion is exactly known at each time instant. 
This means that the link between the points belonging 
to both H ( k )  and H ( k  + 1) can be expressed through 
the following change of coordinates 

where ( z , ( k ) ,  y,(k) ,  z , (k ) )  are the coordinates of the 2-th 
point of the map at time k in the current reference frame 
< O ( k )  >, ( x T ( ~ ) , P T ( ~ ) ,  Z T ( ~ ) )  and B(k) represent 
the nominal translational and angular displacements 
covered by the mobile robot in the sampling period, 
and R(B(k)) represents a rotation of B(k) around the 
z-axis. Note that in (6) it has been assumed that the 
i-th point belongs to both grids H ( k )  and H ( k  + 1). 
In a real framework, all the sensor measurements are 
affected by errors and the robot motion model is also 
affected by uncertainties. Specifically, rangefinders in- 
troduce errors both on distance and direction measure- 
ments (due to limited precision and resolution). More- 
over, robot localization procedures are affected by er- 
rors, both in the case of absolute position measurements 
(using beacons of known position, or devices such as 
GPS) and in the case of relative measurements (using 
odometric integration on wheels encoders). These er- 
rors affect the height fields and the map updating pro- 
cess. 
With reference to mobile robot kinematics, let us distin- 
guish between relative (odometric) and absolute local- 
ization. In the case of odometric measurements with al- 
timetric corrections, mobile robot localization is based 
on the measurement of the translational and angular 
commanded displacements which are uncertain: 

( * d k ) , @ ~ ( k ) ,  Z T ( ~ ) )  + (e,(k), ey(k) ,  ez(k)), 
( z T ( ~ ) ,  ~ 4 k ) ,  Z T ( ~ ) )  = 

e ( k )  = e(k) + ee(k). 
(7) 

Here ( 2 ~ ( k ) ,  g~(k), .&(k)) and e(k) represent the nom- 
inal (measured) translational and angular motions, 
while ( e, (k) , ey ( k )  , e, (k)) and eo (k) their relative un- 
certainties. Then, mobile robot kinematics with odo- 
metric uncertainties is modeled by substituting (7) into 
(6). The prediction of the i-th map point position at 
time k + 1, given measurements up to  time k, is: 

%(k + Ilk) = f ~ ( ~ ~ ( k ) , Y * ( k ) , ~ T ( k ) , ~ T ( k ) , ~ ( k ) )  
Y*(k + Ilk) = f&*(k), % ( k ) , f T ( k ) , $ T ( k ) ,  0 0 4 )  (8) { &(k + Ilk) = &(k) - ?T(k)  

being f,, f, the nonlinear functions in (6). Eq.(8) can 
be rewritten as 

z*(k + 1) = zz(k + Ilk) + &(k) 
Y& + 1) = Y,(k + Ilk) + &(k) (9) { z,(k + 1) = z,(k + Ilk) + P.E(k) 

where D,(k),&(k> and &(k) account for errors due to 
uncertainties in (7). 

Absolute localization procedures are not affected by 
odometric uncertainties and do not depend on uncer- 
tain kinematics (6)-(7). Absolute localization measure- 
ments ( & ( k + l ) , & ( k + l ) ,  f i ( k + l ) )  provide anestimate 
of the robot position according to 

Zi(k + 1) 
Yi(k + 1) = Gi(k + 1) +pi@ + 1) (10) 

= &(k + 1) + fiz(k + 1) { Zi(k + 1) = i i ( k  + 1) + f i i (k  + 1) 

where 4 (k + 1), pi (k + 1) and jii (k + 1) represent un- 
certainties affecting landmark-based measurements. 
Finally, as far as the height field is con:erned, uncer- 
tainties affecting sensor measurements hi(zi(k), yi(k)) 
are modeled by 

z i ( k )  = h(zi(k), yi(k)) + (11) 

where e i (k )  accounts for errors on the height field (3). 

4 Representation of map uncertainty 

Map representation must take into account errors af- 
fecting both robot position localization and height field 
measurements. Clearly, a central role is played by the a 
priori assumptions on these error terms. In this paper, 
a set membership description of uncertainty is adopted. 
Consider for example the measurement equation (11) 
and assume that the error ei(k)  depends on the distance 
di ,  see eq. (2), of the terrain element. In fact, it is well 
known that accuracy of rangefinders measurements is 
strongly related to the distance of the object from the 
sensor. In this paper the error term ei is assumed to be 
unknown-but-bounded (UBB) in the loo norm: 

Iei(k)l 5 ~ldi(k)l = E & )  Vk (12) 

where E is a known positive scalar depending on the 
precision and resolution of the height sensor. Sim- 
ilar assumptions can be made on the errors terms in 
equation (8) and (9). 
An important consequence of the above assumptions 
is that an uncertainty interval can be associated to 
each point of the height field domain. This means 
that the uncertain field, which will be denoted by b, 
is a function that maps the point (zi(k),yi(k)) to an 
interval [bi(klk),&(klk)] where &(klk) (&(klk)) is the 
lower (upper) bound for the height zi. Such interval 

can be also expressed as a function of h(klk) = 

respectively the center and the semilength of the uncer- 
tainty interval. 
To obtain a continuous representation of uncertain 
height fields, which is efficient in terms of memory space 
requirements and computational burden, we propose to  

- 
&(klk)+h,(klk) and Ahi(klk) = h,(k lk) - -h , (k lk)  which are 

2 2 
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I c 
'1 3 5'4 '5 ' 1  Figure 4: As the robot moves, point (z,(k),  y,(k)) becomes 

uncertain in the reference frame < O(k + 1) >. 
Figure 3: Hard bounds computed from triangulations: 

- a -  z' = Ls(z,,y,) - A h ~ ( 2 )  is the lower bound 
and Z; = Lg(z, ,  y,) + Ah*@) is the new upper 
bound for the uncertain height field. 5 Set membership approach to map updating 

use a double triangulation. The first one, 8, renders 
the lower bounds &, by means of triangular meshes, 
while - the second, S, approximates the upper bounds 
hi. Both are evaluated on the domain H ( k )  of the un- 
certain height field at time k. 
Triangulations &(z, y) and Ls(z, y) are evaluated ac- 
cording to the Delaunay technique where the height 
field is replaced with the lower bound field h(xi, yi) and 
the upper bound field z(zi, yi), respectively. 
The proposed double triangulation of the uncertain 
field allows to characterize height bounds in an effi- 
cient way. For any (xi, yi) E H ( k )  the guaranteed error 
bound on zi is given by 

This section analyzes how to merge uncertain measure- 
ments from different range images sharing a nonempty 
fraction of the environment (Fig. 2). Let a double tri- 
angulation LsA (k I k) = (Ls(  kl k) , Ly( kl k)) be given for 
points (z, y) E a ( k )  at the time instant k. At the next 
time instant, k + 1, the mobile robot moves to a new 
position. The problem here is to evaluate the map un- 
certainty propagation LsA (k+ I lk)  due to robot motion 
uncertainty (time update). 
To explain the main idea underlying the time update 
procedure, let us focus our attention on a generic point 
(zi(k),yi(k)) of H ( k ) ,  Fig. 4. At step k + 1, the 
mobile robot has moved to position < O(k + 1) > 
whose relative position with respect to < O ( k )  > is 
affected by uncertainty. The mobile robot position un- 

z, E h$(z,(k), y,(k)) = Z { d ( k l k ) ,  ,?$(klk)}, (14) certainty can be thought of as an uncertainty on vector 
(zz(k + l ) , y i (k  + 1)) (referred to < O(K + 1) >) as 
modeled in the first two equations of (9) and (lo) for 
relative and absolute position measurements. 
The most relevant aspect of the proposed set member- if (z.,Y.) E 9 then 4: = L&YJ 

if (G, y,) E S then 2: = Lg(s,,y,) ship filtering procedure consists in embedding the un- 
if (z.,yz) E H I S  then 4: = L&,,yt) - Ah&) certainty on vector (zZ(k + l), y,(k+ 1)) into the height 
if (G, yI) E H/s then 3: = Cg(z., ys) + Ah,@). field z,(k + l), see eqs. (9) or (10). Let us refer to the 

where lower and upper margins are computed directly 
from triangulations Cs and Cy as 

(15) 

relative localization case (9) (analysis for the absolute 

mation (zi(k + Ilk), yi(k + l(k), zi(k + Ilk)) of a point 
of the map is provided with relative uncertainties. At 
the same instant (in the reference frame < O(k + 1) >) 
we assume that a map point is given such that the z 
and y coordinates are known without errors while the 

Additive AhT(S) and AhT(S) are approximation localization case is analogous). At time k + 1, an esti- errors of the two triangulations Ls and Ly and are 
introduced by Algorithm 1 running on lower and upper 
bounds. They represent the pay off for the reduction of 
the amount of data from H to and S. In Fig. 3, the 
upper and lower triangulations are reported for a 2D 
example. In this framework, an upper bound for the 
triangulation accuracy for the two meshes is provided 

coordinate is uncertain: 

Zi(k+ 1) = zi(k + Ilk) (16) 
Yi(k+ 1) = yz(k+ l ( k )  (17) 

such that it is guaranteed that the lower triangular 
mesh Ls does not intersect the upper mesh LF The 
proof of the following proposition is trivial. 

Proposition 1 According to (13), define 
zi(k + 1) = z i (k  + Ilk) + pi(k) (18) 

where pi(k) = &(k) + o+(k). That is, uncertainty on 
mobile robot position has been embedded in a further 
uncertainty oi(k) on the z-equation of map points. Un- 
certainty ui (k) depends on first order approximations 
of the surface at point ( z i (k+ l ) ,  y i (k+ l ) )  and on errors 
(&(k ) ,p i ( k ) ) .  To stress the dependence on the surface 
unevenness, observe that for flat terrains ai(k) would 
be zero. 

z i - 3  - 
min - - - AhT, 

( z i ,y i )EH 2 

a suficient condition for 

Ls(x:i, Yi) < L&i, Yi) V ( Z i ,  Yi) E H 

is that AhT(S) < ahT and AhT(3) I ahT. 
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The error term pi is assumed to be unknown-but- 
bounded (UBB) in the C, norm, i.e. 

where -yi is a known positive scalar which reflects the 
a priori knowledge on the estimated robot motion and 
surface curvature. 
Now, it is easy to define the predicted upper and 
lower triangulations Lsa(k + ilk), referred to frame 
< O(k + 1) >. Upper triangular mesh C s ( k  + Ilk) is 
defined through vertices (zi(k + l), yi(k + 1)) obtained 
- from eqs. (16)-(17) evaluated at points (zi(k),yi(k)) E 
S ( k ( k )  and computing the z-coordinate as zi(k+ I lk)+ 
~ i .  Computation of predicted lower triangular mesh 
&(k + I lk)  is analogous. 
The predicted double triangulation of the uncertain 
field allows to characterize predicted height bounds on 
the map in an efficient way. For any (xi (k + 1 I k), yi ( k  + 
Ilk)) E B ( k )  guaranteed error bounds are given by 

z , (k  + Ilk) E Z { z i ( k  + Ilk), Za(k + I l k ) }  (20) 

where lower and upper margins are computed from 
&(k + Ilk) and Lg(k + Ilk) similarly to eq. (15). 
A 2D example of uncertainty map propagation is given 
in Fig. 5. Uncertainties & ( k )  on points si(k + 1) E 
fi(k + 1) are embedded in the height uncertainties of 
points in g(k + Ilk) and $(k + 1Jk) which exhibit the 
same cardinality of triangulations s ( k ( k )  and S(klk).  
Note that tighter bounds can be obtained at the cost of 
computing a new triangular mesh for lower and upper 
bounds, see S*(k + I lk )  in Fig. 5 ,  which in general are 
characterized by a higher number of vertices. 

t" 

Figure 5: A 2D example of uncertainty map propagation. 

The updating map procedure aims at reducing uncer- 
tainty affecting a point which belongs both to the map 
domain H ( k )  and the new grid H ( k  + 1) by exploit- 
ing previous triangulations and new measurements pro- 
vided by the rangefinder. 
Once the predicted uncertain triangulation LsA (k+ 1 Ik) 
has been computed, one can exploit the new measure- 
ments provided by the range image at time k + l  in order 
to improve the map description (measurement update). 

In the following, a procedure is described which allows 
to merge information from predicted triangular meshes 
(Ls(k+lp), L S ( ~ + ~ , ~ ) )  and the new measurement of the 
uncertain field over H ( k  + 1). 
For any (zi(k + l),yi(k + 1)) E B(k) n H ( k  + l ) ,  the 
updated interval of the height field zi(k + 1) is com- 
puted by intersecting the predicted and measurement 
uncertainty intervals, given by 

z i ( ~  + 1) E ~ { ~ ; ( k  + I lk ) ,  g ( k  + Ilk)) n 
Z{h(k + 1) - E z ( k  + l ) ,  L(k + 1) + Ei(k + 1)) 

where h(k + 1) is the height measurement in (11). 
Finally, for points in H ( k  + 1) which do not belong to 
i i ( k ) ,  one sets 

~i(k + 1) E z { K ( ~ c  + 1) - Ei(k + 11, K(k + 1) + ~i(k + 1)). 

Summing up, the overall algorithm for uncertain map 
updating can be sketched as follows. 
Algorithm 
( 0 )  Let Csa(klk)  be given at time k.  
(1) Propagate errors of the lower and upper bound tri- 
angular meshes by computing &,(k + 1Jk). 
(2) Update the uncertainty intervals associated to the 
height of points in H ( k  + 1) mergiFg information given 
by predicted meshes at points in H ( k )  n H ( k  + 1) and 
measurements provided by the rangefinder at points 
H ( k  + 1). 
(3) Compute upper and lower triangulations for the 
resulting uncertain height fields in H ( k  + l), thus ob- 
taining Llsa(k + Ilk + 1). 
Uncertainty-based map updating 
The uncertainty associated to the points of the map 
can be exploited in order to improve the quality of the 
map in the regions where measurements are more accu- 
rate. The updating algorithm can be modified in order 
to have an adaptive goal testing. A possible approach 
consists in choosing a threshold value for ERR(s, y) in 
eq. (4), which depends on some measure of the uncer- 
tainty affecting the height field in one or more regions. 
This allows to produce good data approximation (fine 
triangulation) where the data quality is good, while 
keeping a rough terrain representation where data is 
more uncertain. 
Since the uncertainty bounds usually change moving on 
the map, we choose a synthetic measure of quality for 
any element T of the triangulation, which takes into 
account the whole uncertainty affecting the points in 
T.  There are basically two different choices: 

0 Use the maximum uncertainty bound found over 
a set of points of T ;  

0 Use the mean value of all uncertainties in T .  

In both cases, the set of points to include in the analysis 
may be as small as the vertices of the triangle, or bigger 
(up to all the points of H included in T).  
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of the threshold on ERR(x,y) ,  as a function of the 
uncertainty level associated to the considered triangle, 
can be devised. This clearly influences the quality of 
terrain representations. Comparisons between different 
heuristics are currently under experimentation. The 
use of the uncertain elevation maps in landmark-based 

subject of future research. Experiments of the proposed 
technique on real height fields are in progress. 
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localization and path planning problems will be the 
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Figure 6: The height field of a synthetic tridimensional 
environment. 
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