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ABSTRACT

This paper provides a convenient framework based on passivity and
optimization for stability analysis and controller design for haptic
systems involving multiple devices and human operators. The pro-
posed approach exploits peculiar features of the multi-dimensional
scenario and allows for taking into account structural constraints
such as operator-device configuration and controller decentraliza-
tion. A method for the design and implementation of structured
controllers whose impact on the realism of interaction can be qual-
itatively tuned, is proposed.

Index Terms: Multi-contact, Virtual coupling design, Stability,
Passivity.

1 INTRODUCTION

Stability is a key feature in haptic interaction with virtual environ-
ments, since unwanted oscillations can impair realism and, most
importantly, may be potentially harmful for the human operator.
The issue of stability in this context has been addressed by sev-
eral authors since the early 90’s [19] and involves quite a few as-
pects, since the systems at hand are complex and some of their
components, namely the human operators, are difficult to model.
Stability has been considered from multiple viewpoints, and pas-
sivity has often been exploited in this context, since it provides a
powerful tool for analyzing etherogeneous interconnected systems
[12]. The fundamental paper [9] and more recent works such as
[22] provide different approaches to the characterization of pas-
sivity in sampled-data systems and in particular in haptics. In
[16, 15, 17, 18] a discrete-time passivity framework is proposed
to deal with stability analysis and controller (virtual coupling) de-
sign also in the presence of non-passive virtual environments, and
in particular [17] addresses the presence of nonlinearities. In [20],
an H∞-type approach to the design of virtual couplings ensuring
passivity and transparency is proposed. Most of the above contri-
butions are mainly focused on the case of a single human operator
interacting with a one-degree of freedom virtual environment, al-
though also multivariable systems can be addressed to some extent.

Multi-contact interaction is an important issue in haptics [2]. Re-
searchers from the computer haptics community, the branch of the
haptic science closer to traditional robotics [21], have investigated
several aspects in this scenario such as friction modeling [14, 1]
and interaction with deformable objects [3], but mostly neglected
stability issues. Recently, haptic systems where many users inter-
act with a common virtual environment [10] and systems where a
single human operator grasps virtual objects [13, 4] have been con-
sidered. The analysis of stability in the case of one or more human
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operators interacting with a shared virtual enviroment through mul-
tiple points of contact is a multidimensional problem that exhibits
peculiar issues that need investigation.

In this paper, we deal specifically with stability analysis and con-
troller design for haptic systems involving several human operators
that interact with a common virtual environment through multiple
devices. In particular, we extend some preliminary work presented
in [5]. In that paper, the multi-contact scenario is addressed in a
passivity-based framework which is related to the one employed in
[16, 15, 17, 18], and several criteria based on linear matrix inequali-
ties (LMI) [7] for both stability analysis and controller synthesis are
proposed. Such approach suffers from a certain amount of conser-
vatism in that it addresses multiple devices but does not distinguish
between the different configurations in which one or several opera-
tors may interact with the devices themselves. As an example, the
case of two haptic devices operated by a single human with two
hands/fingers is considered the same as the case of two operators
interacting separately with the same devices. Here, we propose a
different and more general formulation of the problem that allows
for reducing conservatism by introducing suitable relaxations that
arise from taking explicitly into account the human-device configu-
ration in the sense stated above. The proposed framework relies on
the basic assumption that a human performing an interaction using
mdegrees of freedom be regarded as am−input,m−output passive
operator.

As far as controller (virtual coupling) design is concerned, par-
ticular attention has to be devoted to structural constraints that may
arise. Indeed, multi-contact systems may be physically distributed,
and therefore the virtual coupling may share only limited informa-
tion with the devices and virtual environment due to decentraliza-
tion and limited communication requirements.

As a first contribution, we provide a passivity-based stability cri-
terion that takes into account the interaction constraints outlined
above. Secondly, we propose an optimization-based method that
exploits such stability condition for the design of stabilizing struc-
tured controllers. In particular, we focus on a virtual coupling
class that represents a virtual spring-damper network that connects
the endpoints of the environment according to an a-priori assigned
structure (i.e., which endpoints are connected to which endpoints)
that can reflect constraints such as decentralized implementation.

The paper is organized as follows. In Section 2 we report some
preliminary specific results related to passivity and to modeling and
passivity-based analysis of multi-contact multi-operator haptic sys-
tems; in Section 3 we derive the sought stability condition, which
is then employed in Section 4 to derive the proposed virtual cou-
pling design method. Section 5 reports an illustrative application
example and conclusions are drawn in Section 6.

Notation
For a square matrixX, X > 0 (X < 0) denotes positive (nega-
tive) definiteness,XT denotes transpose, and‖X‖ denotes some
matrix norm of X; Im is the m× m identity matrix. With
BD(m;m1, . . . ,mN) we denote the set ofm×mblock-diagonal ma-
trices whoseN blocks have dimensionsm1×m1, . . . ,mN×mN, with



∑N
i=1mi = m. The latter notation is also used without ambiguity

for block-diagonal transfer matrices ofm−input, m−output linear
systems and, more generally, ofm−input,m−output operators. Fi-
nally, X = blockdiag(X1, . . . ,XN) denotes a block-diagonal matrix
with diagonal blocksX1, . . . ,XN.

2 PRELIMINARIES

2.1 Passivity results

The approach to stability analysis and controller design presented
in this paper exploits a generalization of the passivity framework in
[16]-[18], which is based upon the concepts of output strict passiv-
ity (OSP) and input strict passivity (ISP) [12, 8]. Let us recall the
definitions of OSP and ISP in both the continuous and the discrete-
time context.

Definition 1 (continuous-time passivity). LetΣ be a continuous-
time dynamical system with input vectoru(t) ∈ R

m, output vector
y(t)∈R

m, and state vectorψ(t)∈R
n. If there exists a continuously

differentiable positive definite functionV(ψ) : R
n → R (called the

storage function) andm×m symmetric matrices∆ andΦ such that
along all system trajectories(ψ(t),u(t),y(t)), t ∈ R, the following
inequality holds

V̇(ψ(t)) < y(t)Tu(t)−y(t)T∆y(t)−u(t)TΦu(t),

then, systemΣ is passiveif ∆ = Φ = 0, output strictly passive with
level ∆ (∆−OSP) if∆ > 0, Φ = 0, input strictly passive with level
Φ (Φ−ISP) if ∆ = 0, Φ > 0, respectively.

Definition 2 (discrete-time passivity). LetΣd be a discrete-time
dynamical system with input vectoru(k)∈R

m, output vectory(k)∈
R

m, and state vectorψ(k) ∈ R
n. If there exists a positive definite

functionV(ψ) : R
n → R andm×m symmetric matrices∆ andΦ

such that along all system trajectories(ψ(k),u(k),y(k)), k∈ N, the
following inequality holds

∆V(ψ(k)) = V(ψ(k+1))−V(ψ(k))
< y(k)Tu(k)−y(k)T∆y(k)−u(k)TΦu(k),

(1)

then the system is passive if∆ = Φ = 0, output strictly passive
(∆−OSP) if ∆ > 0, Φ = 0, input strictly passive (Φ−ISP) if ∆ =
0, Φ > 0, respectively.

Remark 1 Definitions 1 and 2, which specialize a more general
concept of dissipativeness introduced in [11], differ from the com-
monly used notions of OSP/ISP in that the weights∆ and Φ are
symmetric matrices instead of scalars. Such definitions are useful
in order to address passivity problems in a MIMO context when
structural constraints are present, as it will be clear in the following
sections. Roughly speaking, since the passivity levels are closely
related to energy dissipation, if the system at hand has a given struc-
ture, it is convenient to associate a level of dissipation to each block
or component instead of the whole system. This is clearly a re-
laxation that is also allows for reducing conservatism when dealing
with stability of interconnected systems via passivity arguments.
Also, note that∆ andΦ need not necessarily be positive definite in
this context: indeed, a dynamical system will be said to lack OSP
(ISP) when the above definitions hold for non-positive definite∆
(Φ).

Let Σd be a discrete-time time-invariant linear system defined by the
state space representation(A,B,C,D), whereA∈ R

n×n, B∈ R
n×m,

C∈ R
m×n, D ∈ R

m×m. A straightforward extension of the standard
Kalman-Yacubovíc-Popov lemma [8] applies.

Lemma 1 SystemΣd is passive (∆−OSP,Φ−ISP) if and only if
there exists a symmetric matrix P∈ R

n such that the following two
matrix inequalities hold:

P > 0
[

ATPA−P+CT∆C ATPB− CT

2 +CT∆D

BTPA− C
2 +DT∆C BTPB− D+DT

2 +DT∆D+Φ

]

< 0.

(2)

In order to address the design problems presented in this paper, we
find it convenient to look for an alternative formulation of the above
result in which some of the quantities involved, in particular matri-
cesB, D, and∆−1, appear linearly in the matrix inequalities that
define the passivity condition (2). This can be accomplished via a
Schur complement argument, as the following result shows.

Lemma 2 Let ∆ > 0. SystemΣd is passive (∆−OSP,Φ−ISP) if
and only if there exist a symmetric matrix Q∈ R

n and a matrix
R∈ R

(n+2m)×n satisfying the constraints

(a) Q > 0

(b)

[

Q RT

R S

]

> 0

(c) R=





C
2
A
C



Q

(3)

where

S=





DT+D
2 +Φ BT DT

B Q 0
D 0 ∆−1



 .

Proof. By pre- and post- multiplication of (3)(b) by the positive

definite nonsingular matrix

[

Q−1 0
0 In+2m

]

we get that (3)(b)-

(3)(c) are equivalent to









Q−1 CT

2 AT CT

C
2

D+DT

2 +Φ BT DT

A B Q 0
C D 0 ∆−1









> 0. (4)

Taking the Schur complement with respect to the submatrix
[

Q 0
0 ∆−1

]

> 0, (4) is in turn equivalent to

[

Q−1 CT

2
C
2

D+DT

2 +Φ

]

−

[

AT CT

BT DT

][

Q−1 0
0 ∆

][

A B
C D

]

> 0

which finally is equivalent to (2) onceP = Q−1 > 0.

2.2 Modeling and passivity analysis of multidimen-
sional haptic systems

In this paper, we characterize multi-contact multi-operator haptic
systems starting from the well-established framework of [9], [16]-
[18]. In that framework, a haptic system is modeled as a sampled-
data system (with sampling periodT) resulting from the intercon-
nection of four main components described by suitable I/O map-
pings (see Fig. 1): a human operator blockH, a haptic device block
D, a computer-simulated virtual environmentE, and a virtual cou-
pling V, whose role is to act as a controller in order to ensure the
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stability of the closed-loop. The mappingsH andD are continuous-
time, whileE andV are described by discrete-time dynamical sys-
tems. LetL denote the overall loop.

In this paper, we fit the above framework to the case ofN
human operatorsHi , i = 1, . . . ,N, each assumed to havemi de-
grees of freedom (DOF). Each operatorHi is assumed to inter-
act withMi different devices denoted bydi, j , j = 1, . . . ,Mi , where

di, j hasmi, j DOF. Clearly,mi = ∑Mi
j=1 mi, j . All devices are cou-

pled through a computer-simulatedm−DOF virtual environmentE
(with m = ∑N

i=1mi) and through a virtual couplingV, which are
both represented bym−input, m−output discrete-time dynamical
systems. In order to simplify our exposition, we assume the ab-
sence of delay in the computations and consider only the impedance
causality representation of the haptic system (see [15]), although
the proposed results are believed to be easily extendable to cover
both the delayed case and admittance causality.
The interaction of each operatorHi with the respective set of de-
vicesdi, j , j = 1, . . . ,Mi can be described by the feedback loop in
Fig. 2, in which fh,i(t) ∈ R

mi represents the generalized force vec-
tor, vh,i(t) ∈ R

mi is the generalized velocity vector presented to the
operator by the devices operated byHi , and

Di = blockdiag(di,1, . . . ,di,Mi ). (5)

It turns out that the overall system is described by the interconnec-
tion L in Fig. 1, where

H = blockdiag(H1, . . . ,HN) ∈ BD(m;m1, . . . ,mN)
D = blockdiag(D1, . . . ,DN) ∈ BD(m;m1, . . . ,mN)

(6)

fh(t) = [ f T
h,1(t) . . . f T

h,N(t)]T

vh(t) = [vT
h,1(t) . . . vT

h,N(t)]T
(7)

and wherex(k) ∈ R
m and fv(k) ∈ R

m are the sampled generalized
device displacement vector and sampled generalized force feedback
vector, respectively.

Remark 2 Note that no peculiar structure is enforced a-priori onV
andE. However, it is often the case that the haptic device and vir-
tual coupling are lumped together. This requirement can be easily
taken into account by assuming thatV has a suitable block-diagonal
structure as well. Clearly, additional requirements arising from de-
centralized computation and communication restrictions may en-
force different contraints onV. For the sake of simplicity, in the
sequel we will assume thatV may only be constrained to be block-
diagonal, even though the proposed approach is simply generaliz-
able to a wide range of different structures.

Passivity-based stability analysis of haptic systems typically relies
on the assumption that both the human and the device can be seen
as passive operators; in particular, when an impedance causality
model is employed, the device is assumed to be OSP to some extent
[17]. The OSP level pertaining to a given device can be related to
the amount of damping introduced into the system by the device
itself. The problem of its computation has been addressed in [16]
for linear devices via a robust stability argument, while in [18] it is
shown, using a standard Lagrangian description of the device, that
the OSP level can be related to dissipation in joint space. The latter
results are easily generalizable to the OSP notion in Definition 1.
Motivated by the above observations, the following assumption is
made in the context of this paper.

Assumption 1 (a) Each devicedi, j is a ∆di, j
−OSP continuous-

time dynamical system, and (b) each human blockHi is a passive
continuous-timemi-input,mi-output operator.

In view of Assumption 1, it is easily seen that the device blockD
defined by (5),(6) is∆D−OSP, where

∆D = blockdiag(∆D1, . . . ,∆DN) (8)

being
∆Di = blockdiag(∆di,1, . . . ,∆di,Mi

). (9)

In order to derive a stability criterion that takes into account the
structure of the human-device block, we find it convenient to intro-
duce a loop transformation parameterized by a diagonal matrixΓ
whose form depends on the structure itself.
Let γ1, . . . ,γN be strictly positive scalars, and letΓ be them×m
diagonal matrix

Γ = blockdiag(γ1Im1, . . . ,γNImN). (10)

The further constraint
trace(Γ) = 1 (11)

can be enforced without loss of generality.
For any suchΓ, consider the interconnected systemLΓ in Fig. 3
and denote

f Γ
h (t) = Γ fh(t) = [γ1 f T

h,1(t) . . . γN f T
h,N(t)]T

vΓ
h(t) = Γvh(t) = [γ1vT

h,1(t) . . . γNvT
h,N(t)]T .

(12)

The following result states some key properties of the loopLΓ.

Theorem 1 Let Assumption 1 hold. Then, the following properties
pertain to LΓ:

(P1) for anyΓ of the form (10),(11), the block HΓ = ΓHΓ−1 is
passive,

(P2) for anyΓ of the form (10),(11), the block DΓ = ΓDΓ−1 is
∆D−OSP, where∆D is as in (8),(9),

(P3) if there existsΓ of the form (10),(11) such that the loop LΓ is
stable, i.e., the signal vΓ

h(t) goes to zero in steady state, then
so is the original loop L, i.e., the velocity vector vh(t) goes to
zero in steady state.
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Figure 3: Equivalent haptic loop LΓ

Proof. For eachi = 1, . . . ,N, Hi is a continuous time passive
operator by Assumption 1. LetψHi (t) be the state vector ofHi .
Then, there exists a positive definite storage functionVHi (ψHi )

associated to eachHi such thatV̇Hi (ψHi (t)) < f T
h,i(t)vh,i(t). Let

ψH(t) = [ψT
H1

(t) . . .ψT
HN

(t)]T be the state vector ofH and consider
the function

VΓ
H (ψH) =

N

∑
i=1

γ2
i VHi (ψHi ).

Clearly,VΓ
H is positive definite for anyΓ and moreover

V̇Γ
H (ψH(t)) <

N

∑
i=1

γ2
i f T

h,i(t)vh,i(t) = f ΓT
h (t)vΓ

h(t).

Hence,VΓ
H (ψH) is a storage function forHΓ. Property (P1) is there-

fore proved.
The proof of (P2) follows from a totally similar argument and is
omitted.
Finally, the dynamics that relatesvh(t) to fh(t) is clearly the same
in L andLΓ for any nonsingularΓ, hence (P3) is simply a conse-
quence of the fact that any allowed matrixΓ is indeed nonsingular.

The loopLΓ introduced above and the related properties stated by
Theorem 1 allow for analyzing stability of the haptic system by
exploiting a generalization of the approach in [16]-[18]. To this
purpose, consider the further transformed loopL̂Γ in Fig. 4, where

ĜΓ = z−1
Tz [GΓ +K]

V̂Γ = z−1
Tz [VΓ −K]

ÊΓ = Tz
z−1EΓ

(13)

beingK a constantm×m matrix. The loopL̂Γ is a purely discrete-
time system in which the blockŝGΓ, V̂Γ and ÊΓ can be charac-
terized in terms of their OSP or ISP levels. The following result
concerns the passivity properties ofĜΓ.

Theorem 2 Let ĜΓ be as in (13) and suppose Assumption 1 holds.
Assume∆D as in (8),(9) and let

K =
T
2

∆−1
D . (14)

_

ĜΓ

V̂Γ

ÊΓ

vG(k)

vV(k)

v(k)

F(k)

Figure 4: Transformed haptic loop L̂Γ

Then, for anyΓ of the form (10),(11),ĜΓ in (13) is (discrete-time)
∆Ĝ−OSP with

∆Ĝ =
1
T

∆D. (15)

Proof. Since DΓ is ∆D−OSP andHΓ is passive for anyΓ
by Theorem 1, the result follows from a quite straightforward
extension of Lemma 2 in [18] applied toGΓ.

3 LOOP STABILITY CRITERION

The characterization introduced in the previous section allows for
deriving a sufficient stability condition for the haptic loopL via a
simple generalization of the results in [17]. Indeed, since the loop
transformation in (13) is the same as the one performed in [17], it
is readily checked that if the discrete-time transformed loopL̂Γ is
asymptotically stable, then so isLΓ, i.e., the signalvΓ

h(t) goes to
zero in steady state. Hence, taking property 3 of Theorem 1 into
account, we have the sought stability condition.

Theorem 3 If there exists a matrixΓ of the form (10),(11) such that
the transformed loop̂LΓ is asymptotically stable, then the haptic
loop L is stable, i.e., the generalized velocity vector vh(t) presented
to the human operator(s) goes to zero in steady state.

The problem now becomes that of assessing stability of the trans-
formed loopL̂Γ. This can be done by exploiting the passivity levels
of ĜΓ, V̂Γ andÊΓ. The following condition generalizes standard re-
sults concerning stability of feedback and parallel interconnections
of passive systems and can be expressed in matrix inequality form.

Theorem 4 If there exists a matrixΓ of the form (10),(11) and sym-
metric matrices∆V̂ ΦÊ ∆Ĝ+V̂ such that

1. V̂Γ is ∆V̂−OSP,

2. ÊΓ +ΦÊ is passive, i.e.,̂EΓ is (−ΦÊ)−ISP, and

3. the following matrix inequalities hold:

∆Ĝ+V̂ > 0
∆V̂ > 0

[ 1
T ∆D −∆Ĝ+V̂ −∆Ĝ+V̂
−∆Ĝ+V̂ ∆V̂ −∆Ĝ+V̂

]

> 0

ΦÊ −∆Ĝ+V̂ < 0,

(16)

then, the haptic loop L is stable.

Proof. Let ψĜ,ψV̂ ,ψÊ be the state vectors of̂GΓ,V̂Γ, ÊΓ, re-
spectively. SinceGΓ is 1

T ∆D−OSP and by conditions 1) and 2),



there exist positive definite storage functionsVĜ(ψĜ), VV̂(ψV̂), and
VÊ(ψÊ) such that (see Fig. 4)

∆VG(ψĜ(k)) < FT(k)vG(k)−vT
G(k) 1

T ∆DvG(k)
∆VV(ψV̂(k)) < FT(k)vV(k)−vT

V(k)∆V̂vV(k)
∆VE(ψÊ(k)) < −FT(k)v(k)+vT(k)ΦÊv(k)

TakingVĜ+V̂(ψĜ,ψV̂) = VĜ(ψĜ)+VV̂(ψV̂) we get

∆VĜ+V̂(ψĜ(k),ψV̂(k)) < FT(k)v(k)−vT(k)∆Ĝ+V̂v(k)

−
[

vT
G(k) vT

V(k)
]

[ 1
T ∆D −∆Ĝ+V̂ −∆Ĝ+V̂

−∆Ĝ+V̂ ∆V̂ −∆Ĝ+V̂

][

vG(k)
vV(k)

]

(17)
and hence, by the third of (16)

∆VĜ+V̂(ψĜ(k),ψV̂(k)) < FT(k)v(k)−vT(k)∆Ĝ+V̂v(k)

i.e., the parallel interconnection of̂GΓ andV̂Γ is ∆Ĝ+V̂−OSP.
Finally, takingV(ψĜ,ψV̂ ,ψÊ) = VĜ+V̂(ψĜ,ψV̂)+VÊ(ψÊ) it holds
thatV(ψĜ,ψV̂ ,ψÊ) is positive definite and, taking the fourth of (16)
into account, we get

∆V(ψĜ(k),ψV̂(k),ψÊ(k)) < 0

i.e.,V(ψĜ,ψV̂ ,ψÊ) is a Lyapunov function that proves asymptotic
stability of L̂Γ Therefore, the velocity vectorvh(t) goes to zero in
steady state by Theorem 3.

4 STRUCTURED VIRTUAL COUPLING DESIGN

In this section, we exploit the stability condition outlined above to
address the design of a virtual couplingV ensuring stability of the
haptic loop. To this purpose, we first provide a computationally
viable criterion for calculating OSP levels∆V̂ that ensure stability
when the virtual environment is described as a linear time-invariant
system. Then, we illustrate an LMI-based procedure for the design
of a linear virtual couplingV of assigned structure such that the
corresponding transformed virtual coupling achieves the level∆V̂
of OSP.
For ease of exposition, we assume the device parameters, i.e., the
value of∆D, to be assigned a-priori, although the proposed proce-
dure can be modified in order to address the design of the device
dissipation levels to some extent (see [6]).

4.1 Computation of virtual coupling OSP level

Let (AE,BE,CE,DE) be a minimal state-space realization of a linear
time-invariant virtual environmentE. For givenΓ, it is straightfor-
ward to check that a state space representation of the transformed
virtual environmentÊΓ is given by (AÊ,BÊ(Γ),CÊ(Γ),DÊ(Γ))
where

AÊ =

[

AE BE
0 Im

]

, BÊ(Γ) =

[

BET
ImT

]

Γ−1,

CÊ(Γ) = Γ
[

CE DE
]

, DÊ(Γ) = Γ [DET]Γ−1.

In view of Theorem 4, we now show that the computation of an OSP
level ∆V̂ ensuring stability can be cast as an optimization problem
involving matrix inequality constraints. In this respect, a reasonable
design criterion is the minimization of some norm of∆V̂ subject to
the stability condition of Theorem 4.

Let us introduce the following optimization problem

∆V̂ = arg min
Γ,P,ΦÊ ,∆V̂ ,∆Ĝ+V̂

‖∆V̂‖

s.t.
Γ is of the form (10),(11)

∆V̂ > 0
∆Ĝ+V̂ > 0

P > 0




AT
Ê

PAÊ −P AT
Ê

PBÊ(Γ)−
CT

Ê
(Γ)

2

BT
Ê
(Γ)PAÊ −

CÊ(Γ)
2 BT

Ê
(Γ)PBÊ(Γ)−

DÊ(Γ)+DT
Ê
(Γ)

2 −ΦÊ



 < 0

[ 1
T ∆D −∆Ĝ+V̂ −∆Ĝ+V̂
−∆Ĝ+V̂ ∆V̂ −∆Ĝ+V̂

]

> 0

ΦÊ −∆Ĝ+V̂ < 0.
(18)

If a solution of (18) exists, then it yields a value of the level of OSP
∆V̂ pertaining toV̂Γ that satisfies the stability condition of Theorem
4, computed so as to minimize‖∆V̂‖. Note that the computation of
both a suitable value ofΓ and, according to Lemma 1, a suitable ISP
level−ΦÊ of ÊΓ that are compatible with the stability condition, is
implicit in the solution of the above problem.

Remark 3 By performing suitable matrix manipulations, it is pos-
sible to cast (18) into the class of Bilinear Matrix Inequality (BMI)
optimization problems, and as such its solution can be computed
quite efficiently by means of available solvers.

4.2 Virtual coupling implementation

OnceΓ and∆V̂ satisfing the stability condition have been obtained
by means of (18), the problem becomes that of implementing a vir-
tual couplingV such that the correspondinĝVΓ is ∆V̂−OSP, possi-
bly taking structure constraints onV into account.
In order to provide a qualitative evaluation of the impact of the vir-
tual coupling on the the sensation felt by the users during inter-
action, we follow the established practice of designing the virtual
coupling as a discretized spring-damper system [17, 15]. Therefore,
we consider a virtual couplingV of the form

V = V(z) =

[

K +B
z−1
Tz

]−1

(19)

whereK ∈ R
m×m andB ∈ R

m×m will be referred to as the stiff-
ness and damping matrix, respectively. Clearly, the transfer matrix
V(z) in (19) models a network of interconnected virtual springs and
dampers that connect the contact endpoints to each other according
to the structure of matricesK andB.
It is easily seen that the level∆V̂ of OSP pertaining to the trans-
formed virtual couplingV̂Γ = V̂Γ(z) can be made infinite provided
thatB = 0 andK = 2

T Γ−1∆DΓ: indeed, in this casêVΓ(z) reduces
to zero (see (13) and (14)). Nevertheless, in order to achieve this,
V(z) is constrained to have the same structure as∆D, and moreover
it is not quite clear whether a virtual coupling of pure stiffness is
desirable from the viewpoint of realism.
Our aim is to devise a strategy based on LMI optimization tech-
niques, for the design of a virtual coupling of the form (19) satisfy-
ing the following requirements:

(R1) the transformed virtual couplinĝVΓ is ∆V̂−OSP, where∆V̂
andΓ are computed as the solution of (18), and therefore it
gives rise to a stable closed loop,

(R2) V(z) has an arbitrary a-priori assigned block-diagonal struc-
ture, i.e.,V(z)∈BD(m;m̄1, . . . ,m̄N̄) for givenm̄1, . . . ,m̄N̄, N̄,
and



(R3) the relative amount of damping/stiffness introduced by the vir-
tual coupling is enforced through the tuning of a free scalar
parameterµ .

Note that the block-diagonal structure ofV need not necessarily
be related to the structure ofH and D, although one may find it
convenient to enforce a virtual coupling structure that reflects im-
plementation constraints such as controller decentralization (see the
example section).
To proceed, rewriteV(z) in (19) as

V(z) = TzV̄(z)

whereV̄(z) is given by

V̄(z) = (zI− Ā)−1B̄

being

Ā = (KT +B)−1B, B̄ = (KT +B)−1.

Conversely, we have

K =
1
T

B̄−1(I − Ā), B = B̄−1Ā. (20)

From (20), it turns out that the virtual couplingV(z) reduces to pure
stiffness in the limit casēA→ 0 and to pure damping for̄A→ I . In
particular, taking

Ā = µ I

where 0< µ < 1, we get

K =
1
T

(1−µ)B̄−1, B = µB̄−1. (21)

It is then clear that the parameterµ enforces the relative amount of
damping and stiffness of the virtual coupling, and that the transfer
matrix V(z) in (19) inherits its structure from that of̄B, that is, if
B̄ ∈ BD(m;m̄1, . . . ,m̄N̄), thenV(z) has precisely the same struc-
ture.
Given ∆V̂ , Γ and a scalar 0< µ < 1, we now seek a matrix̄B ∈
BD(m;m̄1, . . . ,m̄N̄) such that the correspondingV(z) designed ac-
cording to (19) and (21) satisfies the requirements (R1),(R2),(R3).
In the sequel, we show that such̄B can be computed as the solution
of an LMI feasibility problem.
The transformed virtual environmentV̂Γ has the transfer matrix

V̂Γ(z) = z−1
Tz [VΓ(z)−K] = z−1

Tz [TzΓ(zI− Ā)−1B̄Γ−1−K]

= z−1
Tz [Tz(z−µ)−1ΓB̄Γ−1−K].

(22)
After some manipulation, it is easily shown thatV̂Γ has a state-
space realization(AV̂ ,BV̂ ,CV̂ ,DV̂) of order 2m, where

AV̂ =

[

µ Im 0
0 0

]

, BV̂ =

[

ΓB̄Γ−1T
Im

]

CV̂ =
1
T

[

(µ −1)Im K
]

, DV̂ =

[

ΓB̄Γ−1−
K
T

] (23)

Note that matricesAV̂ andCV̂ depend affinely onµ , and thatBV̂ and
DV̂ depend affinely on̄B, while bothΓ andK = T

2 ∆−1
D are constant

at this stage.
The following result provides the sought virtual coupling design
procedure.

Theorem 5 Let ∆V̂ , ∆D, Γ and0 < µ < 1 be given. Consider the
following LMI feasibility problem in the unknowns̄B, R, and Q:

(a) Q > 0

(b)

[

Q RT

R S(B̄)

]

> 0

(c) R=





CV̂
2

AV̂
CV̂



Q

(d) B̄∈ BD(m;m̄1, . . . ,m̄N̄)

(24)

where

S(B̄) =







DT
V̂
+DV̂

2 BT
V̂

DT
V̂

BV̂ Q 0
DV̂ 0 ∆−1

V̂







being ÂV ,BV̂ ,CV̂ ,DV̂ as in (23).
If a solution B̄∗,R∗,Q∗ of (24) exists, then the virtual coupling
V = V(z) designed forB̄ = B̄∗ according to (19),(21) satisfies the
requirements (R1),(R2),(R3).

Proof. Conditions (24)(a), (24)(b) and (24)(c) imply thatV̂Γ is
∆V̂−OSP by Lemma 2, and hence (R1) is accomplished. Moreover,
(24)(d) yields (R2) sinceV(z) preserves the structure of̄B. The fact
that µ represents the relative amount of damping/stiffness (R3) is
clear from (21).

5 APPLICATION EXAMPLE

We consider a haptic system in which the interaction with a 2−DOF
linear virtual environmentE is performed through a pair of 1−DOF
haptic devicesdx anddy. Let the two devices be characterized by
OSP levels∆dx

and ∆dy
, respectively, according to the results in

[18].
We are interested in performing stability analysis and virtual cou-
pling design for the haptic loop in the following two cases:

i) both devices are operated by the same (2-DOF) humanH1,
i.e., by a single human using both hands,

ii) the two devices are operated by two (1-DOF) humansH1 and
H2.

According to the characterization in Section 2.2, each block of the
haptic loopL is described by am−input, m−output system with
m= 2. Moreover, assumptions i) and ii) enforce the following prob-
lem structures, respectively.

i)



























N = 1, m1 = 2, M1 = 2, d1,1 = dx, d1,2 = dy
D1 = blockdiag(d1,1 = dx,d1,2 = dy)
D = D1
H = H1

Γ =

[

1/2 0
0 1/2

]

ii)



























N = 2, m1 = m2 = 1, M1 = M2 = 1, d1,1 = dx, d2,1 = dy
D1 = d1,1 = dx, D2 = d2,1 = dy
D = blockdiag(D1,D2)
H = blockdiag(H1,H2)

Γ =

[

γ1 0
0 γ2

]

, γ1,γ2 > 0, γ1 + γ2 = 1.

Let the virtual environmentE be the backward Euler discretized
version with sample periodT = 0.01 s of the mechanical system
in Fig. 5, wherexe = [xT

e,1 xT
e2

]T is the virtual environment dis-

placement vector andfv = [ f T
v,1 f T

v2
]T is the force feedback vector



k1 k2

B1 B2
J

xe,1 xe,2

− fv,1 − fv,2

J1 J2

Figure 5: Example: Virtual environment model

µ = 0.2

(L) K =

[

984.3 0
0 1425.7

]

, B =

[

2.4607 0
0 3.5643

]

(C) K =

[

977.4 77.2
77.2 1407.9

]

, B =

[

2.4435 0.1930
0.1930 3.5197

]

µ = 0.7

(L) K =

[

392.68 0
0 670.52

]

, B =

[

9.1627 0
0 15.6455

]

(C) K =

[

384.15 40.76
40.76 499.18

]

, B =

[

8.96 0.95
0.95 11.65

]

Table 1: Example: Virtual coupling design solution

as depicted Fig. 1. Assume the parameter valuesB1 = 2, B2 =
−1.4, k1 = 1, k2 = 5, J = 0.1, J1 = J2 = 0.01, in standard mea-
surement units. Note thatB2 introduces negative damping.
A state space realization(AE,BE,CE,DE) of E can be readily ob-
tained. The explicit expressions ofAE,BE,CE,DE are not reported
to save space.
We assume that the two haptic devices are characterized by different
levels of OSP computed according to the results in [18]. Assume

∆dx
= 0.1 and∆dy

= 0.2, yielding∆D =

[

0.1 0
0 0.2

]

.

Let us consider the problem structure corresponding to case i) (sin-
gle operator). TheOSPlevel ∆V̂ of minimum 2−norm that guar-
antees stability according to the proposed method can be com-
puted by solving the optimization problem (18) for fixedΓ =
[

1/2 0
0 1/2

]

, yielding∆V̂ =

[

18.92 2.87
2.87 18.92

]

.

It is apparent that this solution is valid also for case ii) (two opera-
tors), since the structure ofΓ pertaining to case i) is more restrictive
than that of case ii).
The virtual coupling design can now be performed by computing
the solutionB̄ of the LMI problem (24) once the relative amount of
damping/stiffnessµ is selected and possible structure constraints
onV are enforced. We consider both the case of two 1-DOF con-
trollers, each lumped to a device, and the case of one 2-DOF cen-
tralized controller. Clearly, the first case enforces a diagonal struc-
ture of K andB while the second does not. In Table 1 we report
the values of the computed stiffness and damping matricesK andB
corresponding to two different values ofµ and both when a lumped
(L) virtual coupling structure is enforced and when the structure is
centralized (C).
We now introduce a perturbation on the virtual environment
modelE. In particular, we consider the system obtained by pre-
multiplying the matricesCE andDE of the state space representa-

tion by the constant matrix

[

1 0.3
0 1

]

.

For the perturbed environment model, it turns out the optimiza-
tion problem (18) for case i) is not feasible, thus meaning that
the proposed method fails to provide a virtual coupling OSP level
that guarantees stability. On the contrary, a solution for case ii)

exists and is given by the pairΓ =

[

0.532 0
0 0.468

]

, ∆V̂ =
[

29.5977 0.5360
0.5360 29.6027

]

. In this case, the virtual coupling design

procedure can be applied.

6 CONCLUSION

In this paper, the problem of stability assessment and virtual cou-
pling design for haptic interaction systems involving multiple de-
vices and human operators has been addressed, and a convenient
framework based on passivity and optimization has been proposed.
The main advantage of the approach is that it easily allows for
taking into account the structural constraints that arise in a multi-
dimensional scenario, in particular the different configurations in
which one or several operators may interact with several devices.
As far as virtual coupling design is concerned, a two-step proce-
dure has been proposed that involves first the computation of the
dissipation level that must be displayed by the virtual coupling in
order to guarantee stability, and the subsequent implementation of
a virtual coupling whose structure reflects possible constraints im-
posed on the control system.
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