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Chapter 1

Introduction
There is nothing comparable to the human hand outside
nature. We can land men on the moon, but, for all our
mechanical and electronic wizardry, we cannot reproduce
an artificial fore-finger that can feel as well as beckon.
John Napier

1.1

Motivation and objective of the work

Since the ancient times, humans have taken inspiration from their body for engineering
innovations. But copying the human hand has not been easy. Its complex muscular and
skeletal structure offers a unique, tricky balance: it is dexterous, stable and precise, but
also fast moving, strong and flexible. Considered to be the first working robot hand,
the Handyman [1], developed in 1960 by General Electric’s Ralph Mosher, was a twofingered, heavily jointed claw that set up the foundation for later hands (Fig. 1.1). The
five-pivot segment design in each finger was innovative in its attempt to replicate the
human hand’s flexible joint structure.
The last generation of robotic hands have many DoFs distributed among several
kinematic chains, the fingers. The complexity of the mechanical design arises from
the possibility of adapting hands to the many kinds of tasks required in unstructured
environments, such as surgical rooms, industry, house, space and other domains, where
robotic grasping and manipulation have become crucial [2]. Some remarkable examples
of robotic hand design are the UTAH/MIT hand [3] with 16 actuated joints, 4 per each
finger, the Shadow hand [4], with 20 actuated joints and 5 fingers, the DLR hand II [5]
with 12 actuated joints and the DLR-HIT II hand [6] with 5 fingers and 15 actuated
joints, that are shown in Fig. 1.2. One of the main issues in designing robotic hands
is that a large number of motors is needed to fully actuate the DoFs. This makes the
mechanical system design of robotic hands dramatically more complex when compared
to simple grippers often used in industrial applications [7].
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Figure 1.1: The Handyman.

The same problems have to be faced if control is concerned. Consider, for instance,
the automatic grasp synthesis problem. It is usually solved through optimization problems that maximize a certain quality function over a space of possible hand postures [8].
In general, most quality function formulations are highly non-linear, with complex constraints as well as gradients that are difficult, or even impossible, to compute analytically. These problems are compounded by the high dimensionality of the optimization
domain. The case of an anthropomorphic robot hand model, with 20 DoFs results in a
26-dimensional optimization domain (6 variables are necessary to determine the position
of the wrist), rendering most optimization algorithms intractable.
Another important limitation to the the diffusion of robotic hands is the lack of a
standard control approach that allows to deal with few parameters independently from
the mechanical complexity of the device. There is a need of general controller similarly
to PID industrial controllers for automation. However, as the life cycle of products decreases in the technological competition, the need for flexibility in part-handling devices
becomes more and more important, and robotic hands claim a key role.
The main goals of this work are reducing the complexity of robotic hand control
and developing of a unified framework for programming and controlling robotic hands.
The direction of this research, in author’s opinion, will allow to extend the use of these
devices in many areas.
A possible simplification for the robotic hand control can be sought in imitating the
human behaviour. Central to this view is the concept of constraints that are imposed
by the embodied characteristics of the human hand and its sensorimotor apparatus on
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UTAH-M.I.T. hand

Shadow hand

DLR hand II

DLR/HIT hand II

Figure 1.2: Example of anthropomorphic robot hands.

the learning and control strategies we use for such fundamental cognitive functions as
exploring, grasping and manipulating [9]. In fact, several results on the organization of
the human hand in grasping and manipulation have demonstrated that, notwithstanding
the complexity of the human hand, few variables are able to account for most of the
variance in patterns of the human hands configuration and movement [10]. This few
variables are usually referred to as synergies and can be interpreted as correlation of
DoFs in patterns of more frequent use.
Concerning a possible general control framework, there is a need for a sort of abstraction layer that allows to program robotic hands without considering the specific
kinematic of the device. Using a more software engineering definition, a middleware solution should be introduced for manipulation and grasping tasks to seamlessly integrate
robotic hands in flexible cells and in service robot applications.
This thesis is a first contribution in the direction of developing a unified framework
for programming and controlling robotic hands based on a number of fundamental prim-
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itives, and abstracting, to the extent possible, from the specifics of their kinematics and
mechanical construction.
Finally, the ultimate goal of the proposed approach is to define a device independent
control framework for robotic hands, based on synergies of human hands, and this work
presents a possible solution to map the synergy based control of human hands onto
robotic hands with dissimilar kinematics.

1.2

Human hand synergies

Easton introduced the idea that particular patterns of muscular activities could form a
base set analogous to the concept of basis in the theory of vector spaces around thirty
years ago [11]. As Turvey [12] states it, “if synergies could compose such a basis, and
if each synergy was self-monitoring, then the duties of other functional levels of the
movement system would reduce to orchestrating the specific operations. Patently, the
synergies-as-basis hypothesis implies that all movement patterns share the same taskindependent synergies.” Different interpretations on essentially the same geometrical
scheme of redundancy resolution have been provided in terms of optimal stochastic control [13].
A number of experimental approaches, from studies of finger movement kinematics
to the recording of electromyography and cortical activities, have been used to delineate
the neural control of the hand. Experimental evidence indicates that the simultaneous
motion and force of the fingers are characterized by coordination and covariation patterns that reduce the number of independent DoFs to be controlled. In other words the
human hand motions during grasping is dominated by trajectories in a configuration
space of lower dimension than the kinematic structure would suggest. Such configuration space is referred to as the space of postural synergies.
Santello et al. [10] investigated this hypothesis by collecting a large set of data containing grasping poses from subjects that were asked to shape their hands in order to
mime grasps for a large set (N = 57) of familiar objects. Principal Components Analysis (PCA) of this data revealed that the first two principal components account for more
than 80 per cent of the variance, whereas the first three components explained up to 90
per cent of the data of the variance, suggesting that a satisfying characterization of the
recorded data can be obtained using a much lower-dimensional subspace of the hand
DoF space. These and similar results seem to suggest that, out of the more than 20 DoFs
of a human hand, only two or three combinations can be used to shape the hand for basic
grasps used in everyday life.
These ideas can be brought to use in robotics, since they suggest a new and principled
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way of simplifying the design and analysis of hands different from other more empirical,
sometimes arbitrary design attempts, which has been the main roadblock for research in
artificial hands in the past [7]. The application of synergy concepts has been pioneered
in robotics by [14, 15]. In [14], and later on in [16], the idea has been exploited in the
dimensionality reduction of the search space in problems of automated grasp synthesis,
and has been applied effectively to derive pre-grasp shapes for a number of complex
robotic hands. In [15], authors designed a mechanical hand consisting of groups of mechanically interconnected joints, with a priority inspired by resemblance to postural synergies observed in human hands. More recently, in [17] a synergy impedance controller
was derived and implemented on the DLR Hand II, while in [18] postural synergies of
the UB hand IV was computed though experiments.
The synergy approach to analysis and design of artificial hands is the focus of some
recent works on grasp theory. In [19] the authors investigated to what extent a hand with
many DoFs can exploit postural synergies to control force and motion of the grasped
object. In [20] numerical results were presented showing quantitatively the role played
by different synergies (from the most fundamental to those of higher-order) in making
possible a number of different grasps. In [21] the analysis of underactuated hands was
integrated by extending existing manipulability definition, originally introduced in [22,
23].
The main aspect considered in this works was that in underactuated hands often the
force problem cannot be univocally solved within a rigid-body framework, because of
static indeterminacy [19, 20, 24]. This problem can be solved considering the hand
and the contact compliance, as discussed in [25]. More details on the grasping and
manipulability analysis of underactuated compliant hand will be given on Chapter 2.

1.3

Mapping

The main contribution of this thesis is the development of a new mapping function between the postural synergies of the human hand and the control action of robotic devices.
This mapping leads to an interesting scenario: control algorithms are designed considering a paradigmatic hand model, and without referring to the kinematic of the specific
robotic hand. The paradigmatic hand [24, 26] is a model inspired by the human hand
that does not closely copy the kinematical and dynamical properties of the human hand,
but rather represents a trade-off between the complexity of the human hand model, accounting for the synergistic organization of the sensorimotor system, and the simplicity
and accessibility of the models of the robotic available hands. Postural synergies are
well defined for this hand [10, 24], and can be exploited to reduce the complexity of the
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Paradigmatic hand
synergy control

Mapping algorithm

Robotic hand

Figure 1.3: Mapping between human synergies and robotic hands.

task definition [14].
The basic idea is to plan movements in the synergy subspace defined for the paradigmatic hand and then map the obtained joint motions onto robotic hands without focusing
on their specific kinematics. In Fig. 1.3 the main idea is pictorially represented.
In the literature there are several examples where a mapping between a human hand
and a robotic hand is required and these examples belongs usually to two different categories: telemanipulation [27, 28] and learning by demonstration [29, 30]. In the former
case, data gloves or different tracking systems are used to capture human hand motion
to remotely move robotic hands. In [31], for instance, a DLR Hand is controlled using a
CyberGlove as controller, while in [32] an anthropomorphic robot hand called KH Hand
type S is controlled through its master slave system using a bilateral controller for fivefingers robot hand. In learning by demonstration, human data are used to improve the
grasping performances by teaching to the robot the correct posture necessary to obtain
stable grasps [33]. As example, in [34] the authors evaluated and modelled human grasps
during the arm transportation sequence in order to learn and represent grasp strategies
for different robotic hands. In [35] Do et al. proposed a system for vision-based grasp
recognition, mapping and execution on a humanoid robot to provide an intuitive and
natural communication channel between humans and humanoids.
One of the typical issues in the above mentioned works is that the kinematics and
configuration spaces of a human hand and an artificial robotic hand are different, especially when the robotic hand is not anthropomorphic. A mapping function is, thus,
needed [36]. The main approaches that have been used in the past can be categorized as:
joint to joint mapping, fingertip mapping and pose mapping.
As the name suggests, the joint to joint mapping consists in a direct association
between “joints” on the human hand and joints on the robotic hand. Intuitively, this
solution is quite efficient for anthropomorphic hands, while some empirical solutions
have to be adopted with non-anthropomorphic device. An example where joint values
of a human hand model are directly used to move joints of a robotic hand can be found
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in [37, 38] where, for example, the MCP and IP joints are mapped onto the proximal
and distal joints of robotic fingers for anthropomorphic hands. In the case of the Barrett
hand [39], changes in the spread angle DoF are mapped to human finger abduction. In
[40] bio-inspired motion strategies are used for a bimanual manipulation task. Suitable
training data are obtained by recording sequences of hand postures (in the form of joint
angle vectors) from demonstrations with a hand-mounted dataglove. Due to the mismatch of the kinematic structure of the human and the robotic hand, the angular values
measured by the dataglove cannot directly be applied to control the robot hand. Rather,
the demonstrator used the glove as an input device for a hand model executing the task
in simulation. Employing visual feedback the human is able to learn an adequate hand
posture mapping to successfully achieve the task. Finally, the joint angles of the simulated hand, can be directly used to control the real robot hand. Although it represents the
simplest way to map movements between hands, joint to joint mapping presents some
drawbacks: since the joint correspondence is set by empirical and heuristic considerations, in each specific case it has to be defined according to the kinematic characteristics
of the hands. In other terms it is not generalizable, and its performance notably decreases
with non-anthropomorphic structures.
Cartesian space mappings focus on the relation between the two different workspaces.
This solution is more suitable for representing the fingertip positions and it is a natural
approach when, for example, precision grasps are considered. In [41] a point-to-point
mapping algorithm is presented for a multi-fingered telemanipulation system where fingertip motion of the human hand is reproduced with a three-finger robotic gripper. In
[42] authors use a virtual finger solution to map movements of the human hand onto a
four-fingered robotic hand. In [43] authors propose a mapping approach divided in three
different steps. In the first step, a virtual finger approach is used to reduce the number of
fingers. Then, an adjustable or gross physical mapping is carried out to get an approximate grasp of the object which is geometrically feasible. Finally, a fine-tuning or local
adjustment of grasp is performed. Even if this method presents some advantages with
respect to the joint to joint mapping, it is still not enough general to guarantee a correct
mapping in terms of forces and movements exerted by the robotic hand on a grasped
object.
The pose mapping can be considered as a particular way of indirect joint angle mapping. The basic idea of pose mapping is to try to establish a correlation between human
hand poses and robot hand poses. For example, Pao and Speeter [44] developed an algorithm that try to translate human hand poses to corresponding robotic hand positions,
without loss of functional information and without the overhead of kinematic calculations, while in [45] neural network are used to learn the hand grasping posture. Anyway,
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the proposed solutions can produce unpredictable motions of the robot hand, and thus
are only exploitable in cases where basic grasp postures are required.
Besides the above mentioned methods, Griffin et al. proposed in [46] a 2D virtual
object based mapping for telemanipulation operations. The object based scheme assumes that a virtual sphere is held between the thumb of the user and the index finger.
Important parameters of the virtual object (the size, position and orientation) are scaled
independently and non-linearly to create a transformed virtual object in the robotic hand
workspace. This modified virtual object is then used to compute the fingertip locations
of the robotic hand, which in that case is a two-finger, four DoFs gripper. A 3D extension of the last method is presented in [47]. Even if this extension allows to analyse
more cases, this method is still not enough general for our purposes. In particular, it is
constrained by the kinematics of the master and slave hand, the number of contact points
(three) and their locations (the fingertips) which have to be the same for both the hands.
Then it can be used only for a given pair of human and robotic hands and for precision
grasp operations.
The approach proposed in this work is inspired by the last two mentioned methods.
In fact, joint to joint, pose and fingertip mapping fail when non anthropomorphic hands
are considered. So that, the need of generality demands for a solution that does not
focus on the kinematic of the hand but on the effect the hand produces on the manipulated object. However, the presence of an object seems to limit the applicability of
the method to manipulation after grasping, while the ability to move the robotic hand
also in the approaching phase is requested. In the proposed solution, a virtual object
defined as the minimum volume sphere/ellipsoid containing opportune reference points
placed in the hand has been considered. Starting from a given hand configuration, when
the paradigmatic hand execute a movement due to synergies activation, the reference
points move accordingly. This motion can be described assuming a rigid-body motion
defined by linear and rotational velocity of the sphere/ellipsoid center and a non-rigid
strain represented by the variation of the radius/semi-axis length. With the same criterion a virtual sphere/ellipsoid is defined on the robotic hand and what is imposed is that
the virtual sphere/ellipsoid defined in the robotic hands change its center velocity and
radius/axis length equally to that defined in the paradigmatic hand, apart of a scaling
factor introduced to mitigate possible hand workspace disparity. In this way the joints
of the robotic hand can be actuated directly varying the activation vector of the human
synergies in the paradigmatic hand. The obtained mapping is non linear and depends on
the hand starting configuration but guarantees sufficient generality to deal with robotic
hand with very different kinematics and to move the hand with or without a real grasped
object. The main contributions of this work with respect to the methods proposed in
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[46, 47] is a generalization to a generic number of contact points that can be different in
the human and robotic hands and there are no constraints on positions of contact points
on the master and on the slave hand.
The object-based mapping will be described in detail in Chapter 3. Some preliminary
results have been presented in [48, 49]. A sphere and an ellipsoid have been considered
as virtual objects, but the method can be easily extended to other objects. To determine a
possible control strategy, the object-based mapping has been defined and used in combination with the static Intrinsically Passive Controller defined in [50] as will be described
in Chapter 4. The shape of the virtual object used for mapping does not constraint for the
shape of the possible manipulated object as it will be better described in Chapter 5. In
Chapter 5 numerical simulations and experiments with several robotic hands are shown,
to confirm the proposed approach effectiveness and the applicability to grasping and manipulation tasks. Finally in Chapter 6 a discussion on the applicability of the method is
presented together with future work activities and conclusion.

Chapter 2

Mathematics of hand synergies
La filosofia è scritta in questo grandissimo libro che ci sta
aperto innanzi a gli occhi (io dico l’universo), ma non si
può intendere se prima non s’impara a intender la lingua,
e conoscer i caratteri, ne quali è scritto. Egli è scritto in
lingua matematica, e i caratteri son triangoli, cerchi, ed
altre figure geometriche, senza i quali mezzi è impossibile
a intenderne umanamente parola; senza questi è un
aggirarsi vanamente per un oscuro laberinto.
Galileo Galilei, Il Saggiatore

Abstract
This chapter introduces the main equations necessary to study hands controlled by
synergies. Most of the results presented here are related to grasp and manipulation
analysis of underactuated structures that present compliance at joint and contact
level. The introduction of the synergies concept in robotics can be seen, in fact, as
a possible reduction of the hand DoF space. Compliance is needed to solve static
indeterminacy.

2.1

Quasi-static manipulation model

Consider a generic hand as a collection of arbitrary numbers of robot “fingers” (i.e., simple chains of links connected through revolute or prismatic joints) attached to a common
base “palm”, and an object, which is in contact with all or some of the links as sketched
in Fig. 2.1. The hand and the object have nc contact points.
The position of the contact point i in {N} is defined by the vector pi ∈ ℜ3 . At contact
point i, we define a frame {C}i , with axes {n̂i , tˆi , ôi }. The unit vector n̂i contains pi is
normal to the contact tangent plane and is directed toward the object. The other two unit
vectors are orthogonal and lie in the tangent plane of the contact.
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Notation
u ∈ ℜ6
w ∈ ℜ6
nd
nc
Cio
ci ∈ ℜ3
ĉoi ∈ ℜnd
Cih
h
ĉi ∈ ℜnd
λi
λ ∈ ℜ nl
nl
nq
q ∈ ℜnq
qre f ∈ ℜnq
τ
nz
z ∈ ℜnz
σ ∈ ℜnz
G ∈ ℜnd ×nl
J ∈ ℜnl ×nq
S ∈ ℜnq ×nz

Table 2.1: Notation for Grasp Analysis
Definition
position and orientation of the object
external wrench applied to the grasped object
system dimension
number of contact points
reference system at the i-th contact point on the object
position of the contact point i
position and orientation of reference frame Cio
reference system at the i-th contact point on the hand
position and orientation of reference frame Cih
vector of forces (and moments) at the contact i
vector of contact forces (and moments)
dimension of the contact force vector
number of joints
actual joint variables
reference joint variables
vector of joint forces and torques
number of postural synergies
synergy variables
generalized forces along synergies
grasp matrix
hand jacobian matrix
synergy matrix

Let the joints be numbered from 1 to nq . Denote by q = [q1 ...qnq ]T ∈ ℜnq the vector
of joint displacement. Also, let τ = [τ1 ...τnq ]T ∈ ℜnq represent joint loads (forces in
prismatic joints and torques in revolute joints).
Let u ∈ ℜnu denote the vector describing the position and orientation of {B} relative
to {N}. For planar systems nu = 3. For spatial systems, nu is three plus the number
of parameter used to represent orientation, typically three for Euler angle and four for
T
quaternion. Denote by ν = [vT ω T ] ∈ ℜnν the twist of object described in {N}. It is
composed of the translational velocity ν ∈ ℜ3 of the point o and the angular velocity
ω ∈ ℜ3 of the object, both expressed in {N}. A twist of a rigid body can be referred to
any convenient frame fixed to the body. The components of the referred twist represent
the velocity of the origin of the new frame and the angular velocity of the body, both
expressed in the new frame.
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c∼j

λj

{B}
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τk
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qi

{N}

qr

qr = Sz

zl
Figure 2.1: A synergy actuated hand, with compliant joints and contacts, main definitions, from
[19].

Let f ∈ ℜ3 be the force applied to the object at the point p and let m ∈ ℜ3 be the applied
T
moment. These are combined into the object wrench vector denoted by w = [ f T mT ] ∈
n
ℜ ν.
In the following the Grasp matrix G and the hand Jacobian J will be derived according to [51] assuming that the system is three-dimensional.
The Jacobian matrix maps the joint velocities to the twists of the hand at the contact
frames, while the transpose of the Grasp matrix refers the object twist to the contact
frames.
N
N T
N
N
To derive the Grasp matrix, let ṗi,ob j = [νi,ob
j ωob j ] where ωob j and νi,ob j denote
the angular velocity of the object expressed in {N} and the velocity of the point on the
object coincident with the origin of {C}i . These velocities can be obtained from the
object twist referred to {N} as:
ṗNi,ob j = PiT ν

where
Pi =



I3×3
[pi − o]x

(2.1)

0
I3×3



,

(2.2)
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I3×3 ∈ ℜ3×3 is the identity matrix, and [pi − o]x is the cross-product matrix, that for an
arbitrary vector r = [rx ry rz ]T is defined as:


[0
[r]x =  rz
−ry

−rz
0
rx


ry
−rx  .
0

The object twist referred to {C}i is simply the vector on the left-hand side of 2.1 expressed in {C}i . Let Ri = [n̂i tˆi ôi ] ∈ ℜ3×3 represent the orientation of the i-th contact
frame {C}i with respect to the inertial frame. Then the object twist referred to {C}i is
given as:
ṗi,ob j = R̄Ti ṗNi,ob j
(2.3)


Ri 0
where R̄i =
∈ ℜ6×6 . Substituting PiT ν from (2.1) yields the partial Grasp
0 Ri
matrix G̃Ti ∈ ℜ6×6 , which maps the object twist from {N} to {C}i :

where

ṗi,ob j = G̃Ti ν

(2.4)

G̃Ti = R̄Ti PiT .

(2.5)

N
N ]T where ω N
The hand Jacobian can be derived similarly. Let ṗNi,hnd = [νi,hnd
ωi,hnd
i,hnd
is the angular velocity of the link of the hand touching the object at contact i, expressed
N
in {N} and νi,hnd
is the translational velocity of contact i on the hand, expressed in {N}.
These velocities are related to the joint velocities through the matrix Zi whose columns
are the Plücker coordinates of the axes of the joints [52]. It results

ṗNi,hnd = Zi q̇
where Zi ∈ ℜ6×nq is defined as:
Zi =



di,1
li,1

with the vectors li, j , di, j ∈ ℜ3 defined as:

... di,nq
... li,nq

(2.6)




 03x1 if contact i does not affect joint j,
di, j =
ẑ if joint j is prismatic,
 i
S(pi − ζ j )T ẑ j if j is revolute

(2.7)
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 03x1 if contact i does not affect joint j,
li, j =
0 if joint j is prismatic,
 3x1
zˆj if j is revolute

where ζ j is the origin of the coordinate frame associated with the j-th joint and the ẑ j is
the unit vector in the direction of the z-axis in the same frame. Both vectors are expressed
in {N}. These frames may be assigned by any convenient method, for example, the
Denavit-Hartenberg method [53]. The ẑ j -axis is the rotational axis for revolute joints
and the direction of translational for prismatic joints.
The final step in referring the twist to the contact frames is to change the frame of
N
N
expression of νi,hnd
and ωi,hnd
to {C}i :
ṗi,hnd = R̄i ṗNi,hnd

(2.8)

Combining 2.6 and 2.8 yields the partial hand Jacobian J˜i ∈ ℜ6×nq , which relates the
joint velocities to the contact twists on the hand:

where

ṗi,hnd = J˜i q̇

(2.9)

J˜i = R̄i Zi

(2.10)

The complete1 grasp matrix G̃ ∈ ℜ6×6nc and the complete hand Jacobian J˜ ∈ ℜ6nc ×6nq
relate the various velocity quantities as

where



ṗob j = G̃T ν

(2.11)

ṗhnd = J˜q̇

(2.12)



G̃T1
T



G̃ =  ...  , J˜ = 
G̃Tnc


J˜1
.. 
. 
˜
Jnc

(2.13)

The final expression of G and J matrix is related to the contact model adopted
[51]. The three models of greatest interest in grasp analysis are known as point-contactwithout-friction, hard-finger and soft-finger.
1 The term complete is used to emphasize that all the 6n twist component at the contacts are included in
c
the mapping.
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The point-contact-without-friction (PwoF) model is used when the contact patch is very
small and the surfaces of the hand and object are slippery. With this model, only the
normal component of the translational velocity of the contact point on the hand (i.e., the
first component of νi,hnd ) is transmitted to the object. The two components of tangential
velocity and the three components of angular velocity are not transmitted. Analogously,
the normal component of the contact force is transmitted, but the frictional forces and
moments are assumed to be negligible.
A hard finger (HF) model is used when there is significant contact friction, but the contact patch is small, so that no appreciable friction moment exists. When this model is
applied to a contact, all three translational velocity components of the contact point on
the hand (i.e., the first three components of νi,hnd ) and all three components of the contact force are transmitted through the contact. None of the angular velocity components
or moment components are transmitted.
The soft finger (SF) model is used in situations in which the surface friction and the
contact patch are large enough to generate significant friction forces and a friction moment about the contact normal. At a contact where this model is enforced, the three
translational velocity components of the contact on the hand and the angular velocity
component about the contact normal are transmitted (i.e., the first four components of
νi,hnd ). Similarly, all three components of contact force and the normal component of
the contact moment are transmitted.
PwoF, HF, and SF models, are defined considering the relative twist at contact i as:


q̇
(J˜i G̃Ti )
= ṗhnd − ṗob j .
ν
A particular contact model is defined through the matrix Hi ∈ ℜli ×6 , which select li
components of the relative contact twist and sets them to zero:
Hi ( ṗi,hnd − ṗi,ob j ) = 0.
These components are referred to as transmitted DoFs. Define Hi as:


HiF
0
Hi =
0
HiM

(2.14)

where HiF and HiM are the translational and rotational component selection matrices,
respectively. Table 2.2 gives the definition of the selection matrices for the three contact
models, where vacuous means that the corresponding block row matrix in (2.14) is void
(i.e. it has zero rows and columns). Notice that, for the SF model, Hi,M selects rotation
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Model

li

Hi,F

Hi,M

PwoF
HF
SF

1
3
4

(1 0 0)
I3×3
I3×3

vacuous
vacuous
(1 0 0)

Table 2.2: Selection matrices for three contact models

about the contact normal. After choosing a transmission model for each contact, the
contact constraint equations for all nc contacts can be written in compact form as:
H( ṗhnd − ṗob j ) = 0,
where

(2.15)

H = Blockdiagonal(Hi , ..., Hnc ) ∈ ℜl×6nc ,

and the number of twist components l transmitted through the contacts is given by l =
nc
li .
∑i=1
In the above part, how to compute Grasp and Jacobian matrix from the velocities
relations has been detailed. These two matrices also relate the forces and moments
exerted by the hand on the object and vice-versa. In a quasi-static condition, the force
and moment balance for the object can be described by the equation:
w = −Gλ

(2.16)

where λ ∈ ℜnc is the contact force vector. If HF is considered, at each contact point, the
hand applies to the object a force that in general has a normal and a tangential component
with respect to the contact surface. These components are constrained by the friction
coefficient. With this type of contact model, at each contact point the force λi has three
components and no moments are transmitted. Then the dimension of the contact force
vector λ is nc = 3nl .
Solving eq. (2.16) for the contact forces introduces the definition of internal forces,
i.e. the contact forces included in the nullspace of matrix G. In particular
λ = −G# w + Aξ

(2.17)

where G# is the pseudoinverse of grasp matrix, A ∈ ℜnc ×h is a matrix whose columns
form a basis for the nullspace of G (N (G)) and ξ ∈ ℜh is a vector parametrizing the
homogeneous part of the solution to eq. (2.16). The generic solution of the homogeneous part λo = Aξ , represents a set of contact forces whose resultant force and moment
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are zero. Internal forces play a key role in grasp control: in force-closure grasps, a
convenient control of internal forces guarantees that the whole vector of contact forces
complies with contact friction constraints notwithstanding disturbances acting on the
manipulated object.
Not all the internal forces can be arbitrarily controlled by the hand [25]. The subset
of controllable internal forces has to be considered to define the hand actuation. The
relationship between hand joint torques τ ∈ ℜnq , where nq is the number of actuated
joints, and contact forces is:
τ = JTλ
(2.18)
where J ∈ ℜnc ×nq is the hand Jacobian matrix.
It is worth to note that in general the problem is not invertible and thus the contact
forces λ cannot be arbitrarily controlled acting on joint torques τ. The nullspaces of
matrices J and G and their transposes have a relevant influence on the behaviour of the
manipulation system. A grasp is defined as “defective” if N (J T ) 6= 0, “indeterminate”
if N (GT ) 6= 0, “graspable” if N (G) 6= 0 and “redundant” if N (J) 6= 0. For a complete
analysis of these subspaces on the grasp properties refer to [51] and therein references.
Note that the presence of kinematic indeterminacy, N (GT ) 6= 0, means that there exist
free motions of the object which have no counterparts in the joint space. This is commonly avoided in the design and is not considered in this thesis. The class of grasps with
general kinematics this work deals with consists of configuration systems which result
obviously graspable N (G) 6= 0 and possibly redundant N (J) 6= 0 and kinematically
defective N (J T ) 6= 0.
All the relationship considered so far are valid for rigid-body model of the robot
system. However, the force distribution problem for general system is undetermined. To
solve the indeterminacy, the rigid-body model is inadequate, and a more accurate model,
taking into account the elastic elements that are involved in the system, has therefore to
be considered.
Now, with reference to taxonomy in [51], in order to handle statically-indeterminate
or hyperstatic grasps, which occur when N(G) ∩ N(J T ) 6= 0, we follow [54] introducing
a set of virtual springs at the interface between corresponding contact points chi and coi
on the fingers and the object. These result in a system of linear constitutive equations
linking the components of relative displacements δ xoh := δ xo − δ xh , that violate the
constraints, to the corresponding contact force
λ = λ0 + δ λ ,

δ λ = Kδ xoh ,

(2.19)

where λ0 is the contact force in the reference configuration xo = xh = 0. According
to [55], the stiffness matrix K ∈ ℜc×c can be computed approximately, i.e. neglecting
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geometric effects, as
K = (Cs + JCq J T )−1 ,

(2.20)

where Cs ∈ ℜc×c is the structural compliance matrix (due to, e.g., the flexibility of limbs
and fingerpads), and with Cq ∈ ℜn the diagonal matrix whose element in position (k, k) is
the compliance at the k-th joint. Joint compliance in animals is determined by the elastic
properties of muscles and tendons and by modulation of the stretch reflex. Similar roles
in robot hands are played by transmission and actuator compliance, and by the gain
of the kth position servo. It should be noticed that in both cases joint compliance can
be varied, both intentionally and not, although not necessarily in an independent way
from joint to joint. The matrices Cs and Cq employed for the numerical tests reported in
Chapter 5 are of the form
Cs = (1/kstru )Ic×c ,

Cq = (1/kss )In×n ,

(2.21)

where kstru (N/mm) is a value of structural stiffness, while kss (Nmm/rad) is an admissible
value of joint stiffness.
As outlined in [55], often the structural stiffness of the links and the controllable
servo compliance of the joints have the same order of magnitude of the contact stiffness
and thus has to be considered. We then assumed a compliant model for the joints: in
other terms, the joint torques generated by the hand actuators are proportional to the
difference between a reference qre f and the actual values q of the joint displacements:
τ = Kq (qre f − q) + τ0

(2.22)

where Kq ∈ ℜnq ×nq is the joint stiffness matrix, symmetric and positive definite and τ0
is a constant preload.

2.2

Soft synergies model

Consideration of synergies introduces a new vista on the grasp problem. Grasping force
analysis on a constrained tangent bundle necessitates, for being well-posed, the introduction of a model of elasticity in the system. In the human hand, compliance is introduced
by the musculotendinous actuation system. Notably, the redundancy in this apparatus,
along with its nonlinear elastic characteristic, is used for changing the compliance of the
agonist-antagonist pairs. More generally, it has been recently observed that the brain
uses complex co-contraction patterns to vary the impedance of our limbs as seen from
the environment, i.e. in a task-reference frame [56], for important functions such as
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stabilizing and adapting to unknown environment impedance. Minor information are
instead available on impedance control in the human hand. However, motor synergies
play probably a fundamental role in the selection of the task-space impedance patterns
that are achievable for manipulated tools, and in controlling them. Although the study
of how humans use and control hand impedance in manipulating tools appears to be
a problem of daunting complexity, some preliminary hypotheses can be drafted from
the proposition of a consistent model of force distribution in artificial systems and its
analysis [9].
A direct interpretation of the results described in [10] would imply that the joint
configuration vector q could be represented as a function of fewer elements, collected in
a synergy vector z ∈ ℜs , as q = q(z), which effectively constraints the hand configuration
in an s−dimensional sub-manifold of the joint configuration manifold. Synergistic hand
velocities would belong to the tangent bundle to this manifold, and could be locally
described by a linear map q̇ = S(z)ż. This situation is illustrated in Fig. 2.2, panels (a)(d), where the reference posture of the hand is reported as a function of the synergy
coefficient z1 scaling the first synergy vector S1 .
In Fig. 2.2 panels (e)-(h), it is possible to see why the sole kinematic model of the
hand fails to describe the actual grasp of an object. A possible solution, adopted for
instance in [38], consist in stop the motion of the finger being in contact with the object
while keep moving the other fingers. However, this approach changes the manifold of
interest and moreover is not suitable for force analysis. Therefore, contact forces must
be brought into play if a realistic grasp analysis is in order. Taking a step further, and
in view of dealing with the most general case of statically-indeterminate grasps, both
contact and joint compliances have to be included in the analysis.
In the proposed model, the synergistic hand displacements δ z ∈ ℜs do not command
the joint displacements δ q ∈ ℜn directly, as assumed in the analysis in [38] and implemented in the design in [15]. Instead, the synergistic displacements input δ z command
the joint reference positions qre f , as described by the following linear equations (see also
Fig. 2.1)
δ qre f = S δ z,

S ∈ ℜn×s (1 ≤ s ≤ n),

(2.23)

which, in turn, are related to the actual joint displacements by the constitutive equation
δ q = δ qre f −Cq δ τ,

(2.24)

where Cq is the joint compliance introduced in (2.21). It is worth mentioning that this
model, whereby motion is controlled by a reference position and modulation of joint
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Figure 2.2: Effect of the first synergy on the hand posture as a function of the normalized synergy
coefficient z1 ∈ [0, 1]. Figs. (a)-(d): reference motion of the hand. Figs. (e)-(h): motion of the
hand without contact interaction. Figs. (i)-(l): motion of the hand with contact interaction and
joint elasticity, from [20].

stiffness, has apparent similarities with the equilibrium point hypothesis in the motor
control literature [57].
In the pre-grasp phase, forces are null δ τ = 0, hence δ q = δ qre f and the reference
and actual posture overlap perfectly (first three columns in Fig. 2.2). Hence, in this approach phase, the rigid synergy model q = q(z) is valid. When an actual grasp of an
object occurs, however, the interference (contact) forces and hand compliance cause the
actual hand to deviate from the reference hand (panel (l) in Fig. 2.2). Thus, in the proposed hand model, the actual hand configuration is driven by synergies, but modifies its
posture according to the object shape and compliance. This approach has been denoted
as soft synergy model of hands [20].
In Chapter 5, the numerical values for the synergies S matrix have been compute
from the data recorded in [10] considering the definition of finger coordination patterns
defined through PCA. More specifically, different simplified synergy matrices S can be
obtained extracting a number of columns from the orthogonal full synergy matrix S̄ ∈
ℜn×n obtained from PCA data, and whose columns are ordered in an increasing fashion

22

2. Mathematics of hand synergies

Figure 2.3: The three first synergies of the human hand (the first column is the first synergy and
so on). Rows (top to bottom) correspond to negative, null (average) and positive intensities, from
[9].

with respect to the relative contribution to the variance. In Fig. 2.3 a representation of
the three first synergies extrapolated from the data collected in [10] is shown.
Finally balance equation
σ := ST τ = ST J T λ ,

(2.25)

is introduced, where σ ∈ ℜs are the generalized synergistic forces corresponding to
synergistic displacements.
Also for the synergies, a compliant model can be assumed (see Fig. 2.1). The
synergy actuation forces are then proportional to the difference between the reference
zre f and actual z synergy values
σ = Kz (zr − z) + σ0

(2.26)
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Forces and object displacements controlled by synergies

In this section the forces than can be controlled using synergies underactuation and the
corresponding grasped object displacement are derived starting from the soft synergies
model introduce in the previous section.
Let us consider an equilibrium configuration where an object with an external wrench
w0 is grasped by a hand whose synergy reference values are σre f ,0 and the corresponding
joint displacements are q0 . The contact forces in this reference equilibrium are λ0 . Starting from this equilibrium configuration, a small variation of the input synergy reference
values δ σre f is considered, which leads to an actual variation of the postural synergies
δ σ , to a variation of the joint displacement δ q and a variation of contact forces δ λ for
the new equilibrium configuration of the quasi-static model.
Since this work focuses on the effect on the grasp due to changes of the postural
synergies the object wrench w0 is supposed to be constant. Considering an asymptotically stable system, after the superimposition of the input variation, a new equilibrium
configuration is reached [2, 58].
If the new equilibrium configuration is sufficiently near to the reference one, the system can be locally linearised. Let us then consider the equilibrium equations described
in Section 2.1 in the new equilibrium configuration. In eq. (2.16), the grasp matrix is
constant if rolling motion is not considered, and if the object equilibrium equation is
expressed with respect to {B} reference frame. The object equilibrium in the new configuration, with the same external wrench, can be described by the following equation
0 = −Gδ λ

(2.27)

If δ λ ∈ N (G), the variation of contact force due to a variation of reference synergy
input belongs to the internal force subspace.
Let us then consider the hand equilibrium equation, according to eq. (2.18). It is
worth to note that the hand Jacobian matrix depends on both the hand joint configuration
q and on object displacement vector u, i.e. J = J(q, u). The joint torque variation δ τ can
be then expressed as
δ τ = J T δ λ + KJ,q δ q + KJ,u δ u

(2.28)

where KJ,q ∈ ℜnq ×nq and KJ,u ∈ ℜnq ×nd represent the derivatives of hand Jacobian matrix
with respect to q and u respectively, evaluated in the reference equilibrium configuration
KJ,q =

∂ Jλ0
∂q

,
0

KJ,u =

∂ Jλ0
∂u

(2.29)
0
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It is worth to note that KJ,q and KJ,u elements are dimensionally a stiffness, and their values depend on the initial contact force λ0 . Finally, concerning the relationship between
synergy actions and joint torques, from eq. (2.25), and recalling that in the more general
case the synergy matrix is not constant and depends on the synergy value, the variation
∆σ , the forces arising from synergies activation, can be expressed as follows:
δ σ = ST δ τ + KS,z δ z
where
KS,z =

∂ Sτ0
∂z

(2.30)

(2.31)
0

Matrix KS,z ∈ ℜnz ×nz elements are dimensionally a ratio between a generalized force and
a generalized displacement, and depends on the initial torque value τ0 .
It is possible to summarize equilibrium conditions described by eq. (2.27). (2.28), (2.30),
the constitutive conditions described by eq. (2.19), (2.22), (2.26), and the congruence
condition described by eq. (2.23), in the following linear system
[A]δ x = δ y

(2.32)

where A matrix is square and is defined as follows






[A] = 




0
KJ,u
0
Ks GT
0
0

0
KJ,q
0
Ks J
Kq
0

G
JT
0
I
0
0

0
−I
ST
0
I
0

0
0
−I
0
0
I

0
0
KS,z
0
−Kq S
Kz

while δ x (unknown terms) and δ y (input vector) are defined as






δx = 




δu
δq
δλ
δτ
δσ
δz

















δy = 




0
0
0
0
0
Kz δ zre f





















The solution of this linear system allows to find a mapping between the input controlled
variable, i.e. the synergy reference variation δ zre f , and the output variables. This work
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particularly focuses on in the study of internal force variation δ λ , object motion δ u and
hand configuration variation δ q. By defining the following matrices
G+
K
Pq

= Ks GT (GKs GT )−1
= (I − G+
K G)Ks J

Vq

= (GKs GT )−1 GKs J

Uq

= (J T Pq + KJ,q + KJ,uVq )

X

= (Uq + Kq )−1 Kq

Z

= (STUq XS + KS,z )

Y

= (Z + Kz )−1 Kz

the solution of the system described in eq. (2.32) can be expressed as
δ z = Y δ zre f

2.3.1

(2.33)

δσ

= ZY δ zre f

(2.34)

δq

= XSY δ zre f

(2.35)

δτ

= Uq XSY δ zre f

(2.36)

δu

= Vq XSY δ zre f

(2.37)

δλ

= Pq XSY δ zre f

(2.38)

δu

= V δ zre f

(2.39)

δλ

= Pδ zre f

(2.40)

Controllable internal forces

In eq. (2.40), δ λ corresponds to the contact force variation obtained by applying a variation on the reference synergy variables δ zre f , without modifying the external wrench
w0 . These contact forces can be referred to as controllable internal forces: controllable,
since they can be modified by acting on δ zre f , internal because they do not involve a variation in the external wrench applied on the object [25]. The control of internal forces is
paramount in robotic grasping [58].
From eq. (2.40), we can define a basis matrix Es for the subspace of controllable
internal forces by postural synergies as
R(Es ) = R (P)
where
P = Pq XSY

(2.41)
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is the matrix mapping the synergy reference values to the contact force variation. All
internal forces controllable by synergy actions can then be parametrized through a free
vector α, i.e.
δ λ = Es α
Remark 1. Starting from a reference configuration and acting on synergies, the joint
displacements depends both on the synergy matrix S and on the whole system compliance, and then in the more general case ∆q 6= S∆zre f .

2.3.2

Control of rigid body object motion

Eq. (2.39) shows how the object displacements δ u are controlled from one equilibrium
configuration to another by synergy small variations δ zre f .
Among all the possible motions of the grasped objects, rigid-body motion is perhaps
the most interesting since it does not involve visco-elastic deformations in the contact
points. We could say that rigid-body motions can be regarded as low energy motions: in
other words they represent the natural way to change the posture of the grasped object.
Rigid-body motion implies a null variation of the contact force δ λ , and then, from
eq. (2.15), the following constraint equation holds
Jδ q − GT δ u = 0,

(2.42)

which relates joint displacements and object displacement. It is interesting to evaluate
which object rigid body motions, that comply with eq. (2.42), are controllable acting
on synergies. The synergy reference values that modify hand and object configuration
without modifying the contact force values, from eq. (2.40), are a solution of the homogeneous system
Pδ zre f = 0
(2.43)
in other terms the rigid body motions are generated by reference synergy variations
δ zrh that belong to the P matrix nullspace
δ zrh ∈ N (P)

(2.44)

The corresponding object rigid body motion, δ uh , according to eq. (2.39) is given by
δ uh = V δ zrh
where
V = Vq XSY.

(2.45)
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Furthermore, the corresponding hand configuration variation δ qh , according to eq. (2.35)
is described by the vector
δ qh = Qδ zrh
(2.46)
where
Q = XSY.
It is worth mentioning that the synergy reference values defined in the subspace
δ zrr ∈ (N (P) ∩ N (V ))

(2.47)

i.e. the solutions of the homogeneous contact force problem defined in eq. (2.43) that
belongs to the nullspace of V matrix, do not produce contact force variation, neither
object motion. So that the hand configuration can be modified without modifying object
conditions. The corresponding hand configuration variation is
δ qrr = Qδ zrr

(2.48)

From eq. (2.42) it is possible to observe that hand and object configurations variations
that do not involve contact force modifications can be evaluated by computing


N J − GT
(2.49)

as described, for instance, in [59]. A matrix Γ can then be defined, whose columns form a
basis of such subspace. Under the hypothesis that the object motion is not indeterminate
[58], i.e. N (GT ) 6= 0, i.e. the object is completely restrained by contacts, matrix Γ can
be expressed as




Γqr Γq
(2.50)
Γ = N J −GT =
0 Γucq
where Γqr is a basis matrix of the subspace of redundant motions N (J), and Γqc and
Γucq are conformal partitions of a complementary basis matrix. The image spaces of
Γq and Γucq consist of coordinated rigid–body motions of the mechanism, for the hand
configuration and the object position and orientation, respectively.
The description of rigid body motion in eq. (2.50) does not take into account the
synergy actuation system and then the solution found with this method could be infeasible acting on synergies. The rigid body motions compatible with object equilibrium
equation and reachable acting on the synergy reference values are given by
δ urb ∈ R(Γucs ) = (R(V ) ∩ R(Γucq ))

(2.51)

It is worth to note that rigid-body motions of the object are not all the possible motions
of the object controlled by synergies as in (2.39), since the subspace of all synergy
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controlled object motion R(V ) also contains motions due to deformations of elastic
elements in the model. Summarizing, all rigid-body displacements of the object can be
parametrized through a free vector as Γucs β , all hand joint redundant motions can be
parametrized as
δ uh = Γucs β
Similarly the description of hand joint redundant motions obtained from eq. (2.50)
do not take into account the synergy actuation system and then also in this case the
solution found with this method could be unfeasible acting on the synergies. The hand
joint redundant motions δ qrr , reachable by acting on the synergy reference values δ zre f
are given by
δ qrr ∈ R(Γqr ) = (R(Q) ∩ R(Γqr ))
(2.52)

Summarizing, all hand redundant motions can be parametrized through a free vector as
Γzr γ, all hand joint redundant motions can be parametrized as
δ qrr = Γqr γ.

2.3.3

Rigid body motion control using synergies

In robotic hands controlled with synergies it is possible that some motion cannot be controlled by acting on the synergies subspace. According to (2.51), desired quasi-static
rigid-body object motions δ udes can be performed only if they remain within the subspace R(Γucs ). Analogously, according to (2.40) and (2.41), arbitrary quasi-static contact force displacements δ λdes can be performed if they evolve within subspace R(Es )
defined in (2.41). It is worth noting that control motions in R(Γucs ) or contact forces
in R(Es ) can be separately controlled, but there is no guarantees that it is possible to
jointly but independently control the two vectors lying on these subspaces.
In grasping, however, due to the presence of unilateral, conic contact constraints, task
specifications can not be given disjointly in terms of either object positions or contact
forces. Therefore conditions ∆udes ∈ R(Γucs ) and ∆λdes ∈ R(Es ) are only necessary, but
no longer sufficient, for joint control of object motions and contact forces. Moreover,
specifications of jointly controllable object motions and contact forces may not exhaust
the control capabilities of synergy actions for the given grasp due to the presence of
synergy redundancy.
The target is therefore to define a set of controlled outputs for a grasp with synergies
that is guaranteed to be feasible with synergy actions. This implies that the output vector
of forces and motions can be controlled by synergies and that controlled output vector
has the same dimension nz of the synergy vector zr . The following theorem proposes a
set of outputs for grasps with synergies [19].
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Theorem 1. Under the assumption that the grasp is not indeterminate (N (GT ) = 0),
consider the quasi–static model of any grasp with synergies described in (2.39) and
(2.40). It is always possible to control, jointly but independently, the controllable internal forces, the rigid–body object motions and redundancy with the synergy displacement
δ zre f control input. Algebraically, this corresponds to state that for any α, β and γ, there
always exists a δ zre f solving the linear system of equations


 

Es α
P
 Γucs β  =  V  δ zre f
Γqr γ
Q

(2.53)

nz = dim(Es ) + dim(Γucs ) + dim(Γqr )

(2.54)

where Γucs and Γqr have been defined in (2.50), and Es has been defined in (2.41).
Moreover, solution for δ zr is unique and the number of synergies nz is equal to the
sum of the dimensions of the controlled output subspaces:

Proof: The theorem proof if straightforward, observing that #Es = #R(P), according to
eq. (2.41), and #R(Γucs ) + #R(Γqr ) = #N (P), according to eq. (2.51) and (2.52). 
Remark 2. The result in (2.54) states a very basic structural property of grasp analysis
with postural synergies: if nz control inputs are available, it is not possible to control,
jointly and independently, more than nz variables among internal forces, object motion
directions and kinematic redundancy.
The theorem is useful also to find the minimal design requirements in terms of number of synergies to be used to accomplish the given task. This will be useful in Chapter
5 to determine the necessary number of synergies to consider to generate a controllable
rigid body motion given an HF contact model and the number of contact points, and consequently of the contact forces to be controlled. It is worth underlying that the motions
of the object considered in this work are those performed with respect to the palm of the
hand. In other terms, fine motion control of grasped objects is considered more than the
large displacements, which can be performed moving the wrist by a robot arm.

Chapter 3

Object-based mapping
The moment a person forms a theory, his imagination sees
in every object only the traits which favor that theory.
Thomas Jefferson

Abstract
In this chapter two possible solutions for the object-based mapping are described in
details. In the first, the use of a sphere as possible virtual object is reported while
in the second, an ellipsoid is used to better describe the virtual object deformations.
At the beginning, a detailed description of the paradigmatic hand model used in all
the approaches is given.

3.1

The paradigmatic hand

The paradigmatic hand is a kinematic model inspired by the human hand, that does not
closely copy the kinematical and dynamical properties of the human hand but rather represents a trade–off between the complexity of the human hand model accounting for the
synergistic organization of the sensorimotor system and the simplicity, and accessibility,
of the models of robotic hands available on the market. Examples of human hand biomechanical models are available in the literature [60–62]. The fingers are usually modelled
as kinematic chains independent from each other, sharing only their origin in the hand
palm. In absence of disabilities or handicaps, the ratios between the bones lengths of
each finger are almost constant [63, 64]. According to [64], in Tab. 3.1 the bones length
ratios defined with respect to the length of the distal phalanges bone (dp) of each finger
(for bone acronyms please refer to the table caption) are reported.
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DIP
PIP

MP
IP

MP
TM

Figure 3.1: Scheme of the paradigmatic hand highlighting the joints and the links, the gray dots
represent two DoFs joints, while the black dots represent single DoF joints.

Finger
Thumb
Index
Middle
Ring
Pinky

right
left
right
left
right
left
right
left
right
left

mp/d p
−
−
1.41
1.41
1.60
1.59
1.50
1.49
1.15
1.16

pp/d p
1.37
1.36
2.45
2.44
2.54
2.54
2.33
2.31
2.04
2.04

mc/d p
2.09
2.08
4.17
4.10
3.71
3.71
3.25
3.22
3.32
3.32

Table 3.1: Table of bone-to-bone length ratios (Bone names: distal phalanx (dp), proximal phalanx (pp), middle phalanx (mp), metacarpal (mc)).
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Finger
Thumb
Index
Middle
Ring
Pinky
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q1
−10o , 80o
0o , 90o
0o , 90o
0o , 90o
0o , 90o

q2
0o , − 55o
−15o , 15o
−12o , 12o
−10o , 10o
−12o , 12o

q3
0o , − 55o
0o , 110o
0o , 110o
0o , 110o
0o , 110o

q4
0o , − 40o
0o , 90o
0o , 90o
0o , 90o
0o , 90o

Table 3.2: Allowed ranges for the joint angle variables.

Limb
l11
l12
l13
l14

a (mm)

α (rad)

d (mm)

q (rad)

0
a12
a13
a14

−π/2
0
0
0

0
0
0
0

q11
q12
q13
q14

Table 3.3: D.-H. table for the Thumb finger.

The human hand joints can mainly be divided into 1-DoF and 2-DoF joints. The
1-DoF joints in the hand can be represented as revolute joints; the 2-DoF joints can
be divided into two types. The trapeziometacarpal joint of the thumb is a saddle joint
with non-orthonormal axes, the metacarpophalangeal joints of the fingers are condyloid.
The main difference between saddle and condyloid joints is that condyloid joints have
approximately intersecting axes, while saddle joints do not. For the thumb, the axes of
the metacarpal are non-orthogonal screw.
Therefore the metacarpophalangeal joint of the index, middle, ring and little fingers are usually modelled as a two DoFs joint (one for adduction/abduction and another
flexion/extension). The proximal interphalangeal and distal interphalangeal joints of
the other fingers can be modelled as a one DoF (revolute) joint. The thumb has at
least 5 DoF: 2 DoF in trapeziometacarpal joint, 2 DoF in metacarpophalangeal joint,
and 1 DoF in interphalangeal joint. Anyway, the range of deviation of metacarpophalangeal joint is so small that generally can be modelled as a single DoF joint, while the
Limb
li1
li2
li3
li4

a (mm)

α (rad)

d (mm)

q (rad)

0
ai2
ai3
ai4

−π/2
0
0
0

0
0
0
0

qi1
qi2
qi3
qi4

Table 3.4: D.-H. table for Index, Middle, Ring and Little fingers. Indices take the following
values: i = 2, 4, 5.
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trapeziometacarpal joint is more important in the analysis of the thumb kinematics [63].
In order to avoid unnatural finger positions, the set of angle constraints reported in
Tab. 3.2 is taken into account [65].
The considered model has therefore 20 DoFs corresponding to: 4 DoFs for the
thumb: TR, TA, TM, TI (Thumb Rotation, Abduction, Metacarpal, Interphalangeal);
4 DoFs for the index, middle, ring and pinky: (Index Abduction, Metacarpal, Proximal
interphalangeal, Distal interphalangeal). With p = (O p ; x p , y p , z p ) with indicate the palm
frame, and with Si j = (Oi j ; xi j , yi j , zi j ) and Ci j = (Ci j ; xci j , yci j , zci j ) the D.-H. and the
normalized Gauss frame, respectively, for the jth limb on the ith finger. The D.-H. tables
for each finger/group of fingers are shown in Table 3.3-3.4.

3.2

Virtual sphere mapping

The target of this study is to define a way to map a set of synergies defined on a reference human hand, henceforth the previously proposed paradigmatic hand, onto a generic
robotic hand (Fig. 3.2). The human hand is still probably the best grasping device, and
for this reason we started from it to develop the described mapping. In particular, the
synergy organization of hand joint was observed and mapped in this work, since it represents a simple but versatile way to control a complex kinematic structure, and then it
is naturally the base on which the mapping procedure was initially developed and tested.
However, it is worth to underline that the proposed mapping is not limited to synergies
and can be generalized to arbitrary hand movements.
The mapping algorithm is based on a heuristic approach: we choose to reproduce
a part of the hand motion, which practically corresponds to move and squeeze a spherical object. Although squeezing and moving an object explain a wide range of tasks,
many other possibilities exist in manipulating objects which are not modelled with this
mapping. The sphere represent the simplest solution, increasing the number of parameters in the virtual object and virtual displacement definition allows to replicate more
complex hand movements, but, at the same time, increases the mapping complexity and
robustness.
Let the paradigmatic hand be described by the joint variable vector qh ∈ ℜnqh and
assume that the subspace of all configurations can be represented by a lower dimensional
input vector z ∈ ℜnz (with nz ≤ nqh ) which parametrizes the motion of the joint variables
along the synergies, i.e. qh = Sh z, being Sh ∈ ℜnqh ×nz the synergy matrix. In terms of
velocities one gets
q̇h = Sh ż.

(3.1)

3.2. Virtual sphere mapping
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Figure 3.2: Mapping synergies from the human (paradigmatic) to the robotic hand: the fingertip
positions pih of the paradigmatic hand allows to define the virtual sphere. Activating the human
hand synergies, the sphere is moved and strained; the same motion and strain is imposed to the
virtual sphere defined for the robotic hand.

Let furthermore qr ∈ ℜnqr represent the joint variable vector of the robotic hand. In
general we have nqr 6= nqh . The ultimate goal of this work is to control the reference
joint velocities q̇r of the robotic hand in a synergistic way using the same vector of
synergies z of the paradigmatic hand.
Remark 3. Actually, according to the compliant model summarized in Chapter 2 we
should indicate the reference hand joint values q̇hre f and q̇rre f respectively. It is worth
noting that the mapping procedure explained in this work considers a virtual grasp, i.e.
a grasp in which no real contact forces are present, that means that there is no difference
between the reference and the actual hand configuration. However, the mapping procedure can be applied even when a real grasp is considered: in this case it will provide
the reference value of joint variables, that will differ from the actual one, and the difference will depend both on the contact force magnitude and on the system compliance. In
the following equations, for the sake of simplicity, the subscript re f will not be used to
indicate the reference joint values. For the synergies actuation we will always assume
z = zre f
In this mapping framework the kinematic structures of the hands, the hand configurations, and the number of reference points and their relative positions are arbitrary
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decided. Working in task space is a possible way to get such flexibility. To the best of
our knowledge all previous synergy mapping strategies [14, 66] do not explicitly take
into account the task to be performed by the robotic hand. In this work, a method of projecting synergies from paradigmatic to robotic hands which explicitly takes into account
the task space is proposed. One of the main advantages of designing a mapping strategy
in the task space is that the results can be used for robotic hands with very dissimilar
kinematics. The idea is to replicate the task performed with the paradigmatic hand using
the robotic hand with projected synergies. To define the mapping both the paradigmatic
and the robotic hands are assumed in given configurations q0h and q0r .
Remark 4. Note that there is not a fixed a–priori relationship between initial reference
configurations, that can be independently chosen. This feature allows to obtain a more
general and adaptable mapping procedure, with respect to the methods defined in the
configuration space. However, the choice of very dissimilar initial configuration may
lead to hand trajectory that appears very different in the configuration space, although
they produce, on the virtual object, the same displacement and the same deformation.
Very dissimilar initial configuration may also lead to other types of problems, for example one of the hands may reach its joint limits or singular configurations while the other
could further move.
Considering the configuration q0h , a set of reference points ph = [pT1h , · · · , pTih , · · · ]T
are chosen on the paradigmatic hand (see Fig. 3.2). The number of reference points is
not a–priori fixed.
Remark 5. The reference points can be located on the fingertip or in other points like,
for instance, the intermediate phalanges and the hand palm. Anyway, placing the reference points in the fingertips allows to completely reconstruct the robotic hand inverse
kinematics as it is explained in detail in the following. If the mapping is used to control
the robotic hand during grasping operations, the contact points has to be considered
as reference points, in order to get the maximum information in terms of virtual object
deformation, that will be reproduced on the real grasped object.
The virtual object in this formulation is a virtual sphere, computed as the minimum
sphere containing the reference points in ph . Note that these points in general do not lie
on the sphere surface. Let us parametrize the virtual sphere by its center oh and radius
rh . The motion imposed to the hand reference points by activating the synergies z moves
the sphere and deforms it changing its radius.
The motion of the hand due to synergies could be described using a large set of
parameters, in this work the problem is simplified assuming the following transformation
for the virtual sphere (Fig. 3.2):

3.2. Virtual sphere mapping
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• a rigid-body motion, defined by the linear and angular velocities of the sphere
center ȯh and ωh , respectively;
• a non-rigid strain represented by the radius variation. Let ṙ be the radius derivative
that the sphere would have if its radius length was one.
Although the virtual sphere does not represent an object grasped by the paradigmatic
hand, it can be easily shown that with a suitable model of joint and contact compliance, the rigid-body motion of the virtual sphere corresponds to the motion of a grasped
spherical object and that the non-rigid motion approximately accounts for the normal
components of the contact forces for a spherical object grasp.
Representing the motion of the hand through the virtual object, the motion of the
generic reference point pih can be expressed as
ṗih = ȯh + ωh × (pih − oh ) + ṙh (pih − oh ) .
Grouping all the reference point motions one gets


ȯh
ṗh = Ah  ωh  ,

(3.2)

(3.3)

ṙh

where matrix Ah ∈ ℜnch ×7 is defined as follows

I
 ···
Ah = 
 I
···

−[p1h − oh ]×
···
−[pih − oh ]×
···



(p1h − oh )

···

(pih − oh ) 
···

(3.4)

It is worth to note that, the first six columns of Ah , i.e. its first two column blocks
in eq. (3.4), correspond to the transpose of grasp matrix G defined in eq. (2.13) and
evaluated considering a hard finger contact model, as shown in eq. (2.15). Matrix Ah
depends on the type of motion that we decide to reproduce on the robotic hand and then
it depends on the task. From (2.12), (3.1) and (3.3) we can evaluate the virtual sphere
motion and deformation as a function of the synergy vector velocity ż of the paradigmatic
hand


ȯh
 ωh  = A#h ṗh = A#h Jh Sh ż
(3.5)
ṙh
where A#h denotes the pseudo-inverse of matrix Ah . In this work, we suppose that
N (Ah ) = 0.
/ If this hypotheses is not verified, possible virtual sphere motions and/or
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deformations do not involve reference point displacements. In this case, the problem is
indeterminate and a unique solution for the mapping problem could not be identified.
This situation is similar to indeterminate grasps, in which the transpose of grasp matrix
has a non-trivial nullspace, as discussed in [51].
Virtual sphere motions and deformations have to be mapped on the robotic hand.
The robotic hand is in a given configuration q0r ∈ ℜnqr with resulting reference point
location vector pr ∈ ℜncr .
Recall that no hypothesis were imposed on the number of reference points on the
paradigmatic human and robotic hands, in general we can consider nch 6= ncr , neither on
their locations, and neither on the initial configuration of the two hands.
A similar virtual sphere is computed in the robotic hand. The minimum sphere
enclosing the reference points is found where, or indicates its center coordinates and rr
its radius. Let us define the object scaling factor as the ratio between the two sphere
radii
rr
ksc =
(3.6)
rh
This factor is introduced to scale the velocities from the paradigmatic to the robotic hand
workspace. Note that the scaling factor depends on the dimension of the hands, but also
on their configuration.
Then, the motion and deformation of the virtual sphere generated by the paradigmatic hand are scaled and tracked by the virtual sphere referred to the robotic hand





ȯr
ȯh
 ωr  = Kc  ωh 
ṙr
ṙh
where the scale matrix Kc ∈ ℜ7×7 is defined as


ksc I3,3
Kc =  03,3
01,3

03,3
I3,3
01,3


03,1
03,1 
1

(3.7)

(3.8)

According to eq. (3.3) and (3.4), the corresponding robot reference point velocity is
given by


ȯr
ṗr = Ar  ωr  ,
(3.9)
ṙr

3.2. Virtual sphere mapping
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where matrix Ar ∈ ℜncr ×7 is defined as follows

I
 ···
Ar = 
 I
···

−[p1r − or ]×
···
−[pir − or ]×
···



(p1r − or )

···

(pir − or ) 
···

(3.10)

Recalling eq. (3.5) and (3.7) the robotic hand reference point velocities ṗr can be
expressed as a function of the synergy velocities ż as
ṗr = Ar Kc A#h Jh Sh ż

(3.11)

and, considering the robot hand differential kinematics ṗr = Jr q̇r , where Jr ∈ ℜncr ×nqr is
its Jacobian matrix, the following relationship between robot hand joint velocities and
synergy velocities is defined
q̇r = Jr# Ar Kc A#h Jh Sh ż,

(3.12)

where Jr# indicates the robot hand Jacobian pseudoinverse. If the robotic hand in the
selected grasp configuration is redundant, i.e. if N (Jr ) 6= 0/ [51], eq. (3.12) can be
furthermore generalized [53] as

q̇r = Jr# Ar Kc A#h Jh Sh ż + I − Jr# Jr q̇0

(3.13)

with q̇0 arbitrary. The vector q̇0 can be chosen in order to conveniently use the redundant
DoFs. The discussion on how to manage the robotic hand redundancy is not deepened
in this thesis.
Remark 6. The vector of synergies actuation ż is mapped onto the robotic hand joint
variable qr through matrix Jr# Ar Sc A#h Jh Sh which is function of
• paradigmatic and robotic hand configurations q0h and qrh
• location of the reference points for the paradigmatic and robotic hands, ph and
pr .
The proposed method then allows to define a non-linear mapping between the paradigmatic human-like hand and the robotic hand. A schematic representation of the algorithm is reported in Fig. (3.3).
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S

q̇h

Jh

ṗh

Ah


ȯh
 ωh 
ṙh





Ksc


ȯr
 ωr 
ṙr

Ar

ṗr

Jr

q̇r

Virtual Object

Figure 3.3: Block diagram of the mapping algorithm.

3.3

Virtual ellipsoid mapping

In this section an ellipsoid is considered as virtual object. Differently from the sphere
where all the radial deformation is expressed with one parameter, using an ellipsoid
allows to describe a three–dimensional radial deformation including more information
on the mapping. Some of the following equations are derived similarly to the virtual
sphere mapping.
Let the paradigmatic hand be described by the joint variable vector qh ∈ ℜnqh and
assume that the subspace of all configurations can be represented by a lower dimensional input vector z ∈ ℜnz (with nz ≤ nqh ) which parametrizes the motion of the joint
variables along the synergies qh = Sh z being Sh ∈ ℜnqh ×nz the synergy matrix. In terms
of velocities one gets
q̇h = Sh ż.

(3.14)

Considers also qr ∈ Rnqr represent the joint variable vector of the robotic hand and
that assumption similar to Remark (3) on the reference and actual values are taken into
account. The mapping is defined assuming that both the paradigmatic and the robotic
hands are in given configurations q0h and q0r .
Given the configuration q0h , a set of reference points ph = [pT1h , · · · , pTih , · · · ]T are
chosen on the paradigmatic hand. The virtual ellipsoid is then computed as the minimum volume ellipsoid containing the reference points in ph (Fig. 3.4). Note that in
general reference points do not lie on the ellipsoid surface. Let us parametrize the virtual ellipsoid by its center oh and by the lengths s jh ( j = 1, 2, 3) of its semi-axes.
For the virtual ellipsoid mapping the motion of the hand due to synergies activation
is described assuming a rigid-body motion, defined by the linear and angular velocities
of the ellipsoid center ȯh and ωh respectively, and a non-rigid strain represented by the
variations of the semi-axes. Let s˙j be the derivative of the j-th semi-axis length.
Although the virtual ellipsoid does not represent an object grasped by the paradigmatic
hand, it can be easily shown that with a suitable model of joint compliance and contact

virtual ellipsoid. Activating the human hand synergies, the ellipsoid is moved
and strained; the same motion and strain is imposed to the virtual ellipsoid
defined for the robotic hand.

synergies activation could be described using a large set of
parameters. In this paper we simplify the problem assuming
a rigid-body motion, defined by the linear and angular
velocities of the ellipsoid center ȯh and ωh respectively, and
a non-rigid strain represented by the variations of the semiaxes. Let s˙j be the derivative of the j-th semi-axis length.
Although the virtual ellipsoid does not represent an object
grasped by the paradigmatic hand, it can be easily shown
that with a suitable model of joint compliance and contact
compliance, the rigid-body motion of the virtual ellipsoid
corresponds to the motion of a grasped ellipsoidal object
and that the non-rigid motion accounts for the normal components of the contact forces for a ellipsoidal object grasp.
By representing the motion of the hand trough the virtual
object, the motion of the generic reference point pih can be
expressed as
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configuration q0r ∈ ℜnqr with a
point location vector pr ∈ ℜncr .
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consider nch �= ncr , neither on the
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virtual ellipsoid is applied here: fi
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 ṡ1r  = Kc 
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ṗih = ȯh + ωh × (pih − oh ) + ∑ ṡ jh (pih − oh )t ŝ jh ŝ jh , (7)
j=1

where the superscript ()t represent the transpose and ŝ jh
represent the versor corresponding to the ellipsoid semi-axes.

Figure 3.4: Mapping synergies from the human (paradigmatic) to the robotic hand: the fingertip
positions of the paradigmatic hand allows to define the virtual ellipsoid. Activating the human
hand synergies, the ellipsoid is moved and strained; the same motion and strain is imposed to the
virtual ellipsoid defined for the robotic hand.

compliance, the rigid-body motion of the virtual ellipsoid corresponds to the motion
of a grasped ellipsoidal object and that the non-rigid motion accounts for the normal
components of the contact forces for a ellipsoidal object grasp. By representing the
motion of the hand through the virtual object, the motion of the generic reference point
pih can be expressed as
h
i
3
ṗih = ȯh + ωh × (pih − oh ) + ∑ ṡ jh (pih − oh )T ŝ jh ŝ jh ,

(3.15)

j=1

where ŝ jh represent the versor corresponding to the ellipsoid semi-axes.
Grouping all the reference point motions we obtain





ṗh = Ah 



ȯh
ωh
ṡ1h
ṡ2h
ṡ3h






,



(3.16)
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where matrix Ah ∈ ℜnch ×9 is defined as follows
h

I


 ···
Ah = 
 I
···

− [p1h − oh ]x
···

− [pih − oh ]x
···

i
(p1h − oh )T ŝ1h ŝ1h

···
h
i
(pih − oh )T ŝ1h ŝ1h
···

···




··· 

··· 
···

(3.17)

Matrix Ah depends on the motion that has to be reproduced on the robotic hand and
consequently it depends on the task.
From (3.14), (3.16) and (2.12) we can evaluate the virtual ellipsoid motion and deformation as a function of the synergy vector velocity ż of the paradigmatic hand


ȯh
 ω 
 h 


(3.18)
 ṡ1h  = A#h ṗh = A#h Jh Sh ż,


 ṡ2h 
ṡ3h

where A#h denote the pseudo-inverse of matrix Ah . These motions and deformations have
to be mapped onto the robotic hand. Let us consider the robotic hand in a given configuration q0r ∈ ℜnqr with a set of selected reference point location vector pr ∈ ℜncr . Note
that no hypothesis were imposed on the number of reference points on the paradigmatic
human and robotic hands, in general we can consider nch 6= ncr , neither on their locations,
and neither on the initial configuration of the two hands. The same use of the virtual ellipsoid is applied here: find the minimum ellipsoid enclosing the reference points and
indicate with or its center coordinates and with s jr the lengths of its semi-axes.
In order to take into account the differences between the dimensions of the human
and the robotic workspace, a scaling factor is introduced. This scaling factor is obtained
considering two virtual spheres computed on both the human and the robotic hand as the
minimum volume sphere containing reference points. The virtual object scaling factor is
then defined as in eq. (3.6). Note that the scaling factor depends on the hand dimensions,
but also on their configurations.
The motion and deformation of the virtual ellipsoid generated by the paradigmatic hand
are scaled and tracked by the virtual ellipsoid referred to the robotic hand:




ȯh
ȯr
 ω 
 ω 
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 r 




(3.19)
 ṡ1r  = Kc  ṡ1h 




 ṡ2h 
 ṡ2r 
ṡ3r
ṡ3h
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where the scale matrix Kc ∈ ℜ9×9 is defined as:


ksc I3,3 03,3 03,3
Kc =  03,3
I3,3 03,3  .
03,3
03,3 I3,3

(3.20)

According to eq. (2.4) and (3.17), the corresponding robot reference point velocity is
given by


ȯr
 ω 
 r 


(3.21)
ṗr = Ar  ṡ1r  ,


 ṡ2r 
ṡ3r

where matrix Ar ∈ ℜncr ×9 is defined as follows:
h

I


 ···
Ar = 
 I
···

−S(p1r − or )
···

−S(pir − or )
···

i
(p1r − or )T ŝ1r ŝ1r

···
h
i
(pir − or )T ŝ1r ŝ1r
···

···




··· 

··· 

···

(3.22)

Recalling eq. (3.18) and (3.19) we can express the robotic hand reference point velocities ṗr as a function of the synergy velocities ż:
ṗr = Ar Kc A#h Jh Sh ż

(3.23)

and, considering the robot hand differential kinematics ṗr = Jr q̇r , where Jr ∈ ℜncr ×nqr is
its Jacobian matrix, the following relationship between robot hand joint velocities and
synergy velocities is defined:
q̇r = Jr# Ar Kc A#h Jh Sh ż.

(3.24)

The proposed algorithm is consequently a non-linear mapping between the paradigmatic human-like hand and the robotic hand. The obtained synergy matrix is not constant and depends on hands configurations. Similarly to eq. (3.13), the redundancy of
the joints can be conveniently exploited.

Chapter 4

Integration of Virtual sphere mapping and static
Intrinsically Passive Controller
In literature as in love, we are astonished at what is
chosen by others.
Andre Maurois

Abstract
In this chapter an application of the virtual sphere mapping to the control of robot
hands is presented. The basic idea is to use the virtual sphere mapping to generate
suitable reference signals for a low level controller of the robotic hand. The low
level controller considered, that share the idea of virtual object to reduce the complexity of the control, is the static Intrinsically Passive Controller s-IPC that has
been presented in [50, 67].

In Chapter 3, it has been described how the object-based mapping is able to reproduce movements of a human hand model, with particular emphasis on the synergistic
motion of a paradigmatic hand, in different robotic hands without considering the specific kinematics. The final target of the mapping procedure is to create an abstraction
layer where all the tasks are planned in the human hand domain and then projected onto
robotic hands avoiding the development of specific strategy for each robotic device.
However, the possibility to abstract from the kinematics comes at a cost of a lost of precision in fine manipulation tasks. This is due principally to the fact that when focusing
on the virtual object motion the single finger motion is neglected in favour of a whole
hand motion. That means that during real manipulation tasks, possible contact sliding
or possible contact lost due to the impossibility of the robotic hand to reproduce the
desired motion could affect the stability of the grasp. In other words, the robotic hand
should be able to guarantee the stability of a grasp also when the mapped motion leads
to undesirable effects. For this reason we introduced a low level controller on the robotic
hand. The low level controller considered, that share the idea of virtual object to reduce
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the complexity of the control, is the static Intrinsically Passive Controller (s-IPC) that
has been presented in [50, 67]. This solution provides an intuitive control law for objectlevel manipulation that does not require robust contact detection/tracking. Furthermore,
the arising controller guarantees intrinsic passivity, stability in the case of a finger losing
contact during manipulation, an intuitive physical interpretation, and a damping design
w.r.t. the desired object-level stiffness and the hand and object inertias.

4.1

The static Intrinsically Passive Controller

Many robot hand control algorithms proposed in literature are based on a weighted
pseudoinverse of the grasp map combined with an internal force control. The majority
of these algorithms require robust contact detection/tracking and switching controllers.
A different approach, the Intrinsically Passive Controller (IPC), has been presented by
Stramigioli in [68] introducing the concept of a virtual object. Instead of considering
actual contact points or detecting contact transitions for force control, the fingertips are
connected via spatial springs with a virtual object which is additionally connected via
the so-called hand configuration spring with a virtual position of the hand. The object
pose is determined by considering the net forces and applying these to the virtual object.
Stramigioli used only damping related to the hand configuration spring and not for the
fingertip-object connecting springs. If the object is not moving, due to the undamped
connecting springs an oscillatory internal motion may occur. Wimböck et al. proposed
in [67] to overcome these undesired oscillations by employing dampers parallel to the
connecting springs. They took inspiration from the virtual object introduced by Stramigioli to develop a novel virtual object frame based on the robot hand configuration. The
proposed control law takes a desired object frame and desired grasping forces as input, it
is passive, and stability can be proven also in case a finger looses contact with the object.
Given an initial position for the fingers the object translations, rotations, and connecting
forces can be specified. The basis for this control is the virtual object frame which is
defined by the positions of the fingertips. Realizing the object motion and grasp force
control as spring-damper systems allows to not track the contact states. This control
approach has been later defined as static-Intrisically Passive Controller (s-IPC) in [50]
to remark that the dynamic introduced by the virtual object in the IPC controller is not
considered in this case.
In this thesis the s-IPC has been considered as a possible low level controller for
the hand. In the following, the main equations necessary for the s-IPC definition are
reported. Further details can be found in [67] and [50].
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Figure 4.1: Virtual object frame with four fingers, from [67].

Let us consider a robot hand with n fingers and m = 3 DoF per finger. The equation
of motion can be write, according with [2], as
M(θ )θ̈ +C(θ̇ , θ )θ̇ + g(θ ) = τ + τext ,

(4.1)

where θ are the joint angles, τ and τext are the joint torques and the external torques
respectively, M(θ ) is the joint level inertia matrix, C(θ̇ , θ ) is the Coriolis term and g(θ )
represent the gravity effect.
The object coordinating the finger motion considered in the s-IPC is defined only by
the position of fingertip. To describe its motion a frame is attached to the center of the
fingertip position (Fig. 4.1)
∑n xi (θ )
(4.2)
xO = i=0
n
where xi (θ ) ∈ ℜ3 represents the Cartesian fingertip position for finger i w.r.t the base
(frame O). For simplicity dependence on θ is omitted in the following. The orientation
RO = [r1,O , r2,O , r3,O ] (right side of Fig. 4.1) for four fingers can be computed considering
the unitary vector r1,O defined in the plane spanned by the vectors being defined by the
connections between fingers 1 and 3 and between fingers 2 and 4, that is
r1,O =

x1 − x3
x2 − x4
+
,
kx1 − x3 k kx2 − x4 k

r1,O =

r1,O
kr1,O k

(4.3)

The unitary vector r3,O is defined perpendicular to this plane and r2,O is defined such
that RO ∈ SO(3).
The virtual object frame Hho can be defined as Hho = [RO , xO ] ∈ SE(3). Note that this
representation has singularities if x j −x j+2 = 0 for j = 1∨ j = 2 or if (x1 −x3 ) k (x2 −x4 ).
For common convex objects like boxes, cylinders or spheres these singularities pose no
problem. The extension to more than four fingers can be done imposing that all elements
of Hho are a function of all fingertip positions. The virtual-object frame is related to the
real-object frame assuming that the relative contact points between the fingertips and the
object do not change (neglecting rolling effects).
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Once the virtual object is defined, a possible control law can be derived. Let us
consider
δVd
τ = −D(θ )θ̇ −
+ g(θ ).
(4.4)
δθ
with D(θ ) being a positive damping matrix.
In addition to an impedance related to the object pose, impedances to realize grasping
forces are added. These impedances connect each fingertip position xi with the virtualobject frame (see right side of Fig. 4.2). The potential is chosen to be spherical for each
fingertip:
Vhc (θ , Khc ) =

1 n
∑ Khc,i [k∆xi k − li,des ]2
2 i=1

(4.5)

with ∆xi = xi − xO as the distance from the fingertip i to the virtual object frame xO , and
Khc,i > 0 the corresponding connecting stiffness. The value li,des corresponds to the rest
length of the connecting stiffness. We summarize Khc,i and li,des for i = 1, ..., n in Khc .
This means that the grasping forces can be parametrized so that they point toward the
virtual frame. The desired potential for the object-level control law is composed of the
potentials used to derive the spatial object stiffness and the connecting stiffness, and,
thus, is given by
Vd (θ ) = Vs (Hho (θ ), Hho,des , Kho ) +Vhc (θ , Khc )

(4.6)

By inserting this potential into eq. (4.4), a control law is obtained, which generates the
control torques for the hand. The differential mapping from the hand motion to object
motions and change of distance between the fingertips to the object is given by
"
#

δ xO
ẋO
δ
θ
=
θ̇
δ xi
ẋi
δ
θ
| {z }
| {z }


ẋ

=

Jtot

θ̇

where ẋ ∈ ℜ6+n represents the generalized coordinate of the task and xi = k∆xi k.

(4.7)
(4.8)

This stacked Jacobian is useful for a compact derivation of the damping parameters.
Details on the derivation of the damping term D(θ ) can be found in Appendix A.1. In
conclusion, the input for the s-IPC controller can be considered the desired position of
the object frame Hho, des and the desired contact stiffness defined by li,des .
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Figure 4.2: The motion of the paradigmatic hand is described by the virtual sphere; the arising
parameters are used as input for the s-IPC controller.

4.2

Integration with the virtual sphere mapping

In the virtual sphere mapping motions of the paradigmatic hand are described through
motions and deformation of a virtual object defined considering opportune reference
points. This solution dramatically reduces the number of parameters necessary to describe the hand’s movement (from 20 to 7). In the s-IPC controller a similar reduction is
considered introducing a relation between fingertip positions. Although the s-IPC guarantee grasp stability even in presence of contact lost or contact slippery, the way a task
can be specified for the robotic hand through the virtual object is not intuitive when non
trivial motions have to be considered. On the other hand, the virtual sphere mapping can
be easily used to describe a task in the paradigmatic hand but, cannot guarantee grasp
stability when the motions imposed to the robotic hand lead to loosing contact due to the
specific kinematic of the robotic hands.
Summarising, the main advantages in integrating the s-IPC and and virtual sphere
mapping are
• a direct and intuitive solution to generate suitable trajectory for the s-IPC object
obtained considering the parameters that describe the virtual sphere motion and
deformation on the paradigmatic hand;
• the stability of the grasp of real object is guarantee by the s-IPC.
In this work, the proposed integration is obtained considering the virtual sphere mapping
to generate suitable reference signals for the object frame Hho,des and the contact stiffness
defined for the s-IPC. In eq. (4.8) x was defined as the generalized coordinate of the task,
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where both the position and orientation of the object frame and the stiffness behaviour
were considered. So that, the virtual mapping has to generate the xdes for the s-IPC. In
Fig. (4.3) a block diagram of the integrated controller is reported.
Let consider the paradigmatic and the robotic hand in a given starting position. There
is no constraints on the choice of the starting position apart the singularity condition for
the s-IPC object described in the previous section. The same evaluation proposed in
Chapter 3 is considered for the virtual object mapping. A virtual sphere can be defined
on the paradigmatic hand as the minimum volume sphere containing all the reference
points defined in the paradigmatic hand. Also in this case there are no constraints for the
number of reference points and the locations. In the robotic hand, the object coordinating
the finger motion is computed using eq. (4.2) and (4.3). Let us denote the initial position
of the frame as H0 .
When the joint of the paradigmatic hand are moved, for instance due to a synergies
activation, the motion of the reference points is described by the virtual sphere using the
vector of parameters defined in eq. (3.3) containing the linear and angular velocity of
the center and the radius variation. The first six components of the vector of parameters
describe the twist applied to the virtual sphere. At each time step, this twist is used to
update the desired position and orientation Hho,des of the frame attached to the object
defined for the s-IPC. Considering
Hho,des =



Rho

pho



,

where Rho ∈ ℜ3×3 and pho ∈ ℜ3×1 represent the orientation and the position of the
frame respectively, the new orientation is computed via quaternion integration using the
angular velocity ωh and the new position is computed integrating the linear velocity ȯh .
The variation of the sphere radius is instead related to the rest length of the connecting stiffness li,des . By imposing
li,des = α ṙ lo f f

(4.9)

where lo f f is a fixed initial offset for the connecting spring and α is used to mitigate the
difference in the workspace with a similar meaning of ksc (eq. (3.7)) for the virtual object
mapping, it is possible to related the radial deformation of the sphere to the connecting
force. Intuitively both these parameters, the connection spring length and the sphere
radius, are related to grasping forces.
The adopted solution allows to move the robotic hand according to the motion imposed by the paradigmatic hand, but enforcing grasp stability thanks to the low level
s-IPC controller.
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Figure 4.3: Block diagram of the virtual sphere mapping plus the s-IPC. The task is performed
by the paradigmatic hand model and reference signals are computed for the low level controller of
the robotic hand, the s-IPC.

Remark 7. The motion of the real grasped object depends on the desired trajectory xdes ,
but also on the compliance of the s-IPC system and the compliance of the robot hand
joints. So that, the imposed and the obtained trajectories could differ. In the proposed
approach, however, the stability of the grasp is considered with an higher priority with
respect to the precision of the trajectories.

Chapter 5

Simulations and Experiments
Success is a science; if you have the conditions, you get
the result.
Oscar Wilde

Abstract
In this chapter the main results achieved using virtual sphere, virtual ellipsoid and
virtual sphere combined with s-IPC are discussed. The proposed mapping algorithms have been validated through numerical simulations and experiments with
several robotic hands.

5.1

Simulations

The proposed mapping algorithms was validated through numerical simulations considering three different robotic hand models. The first model was a three-fingered fullyactuated robotic hand with the kinematic structure that resemble the Barrett Hand [39],
with two joints in the thumb (that is fixed with respect to the palm, no abduction/adduction joint) and three joints in the other two fingers (two flexion/extension, one abduction/adduction). The second model was the DLR/HIT II Hand [6]. It has an anthropomorphic structure with five fingers and 15 DoFs. The last model was the ModHa39p
hand, a fully-actuated robotic hand with a modular structure. Each module (42 × 33 ×
16)mm has one DoF and it can be easily connected to the others obtaining kinematic
chains that can be considered as fingers. These chains are connected to a common base
that can be thought as a palm. In the proposed configuration each finger has three DoFs,
thus the hand has globally 9 DoFs. The ModHa39p has been developed at SIRSLab,
Department of Information Engineering, University of Siena.
The simulations were realized using Matlab R2009a over a 2.4 GHz Intel Core i5, 4
GB RAM. The Syngrasp [69], a new Matlab toolbox developed within the context of the
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Figure 5.1: The robotic hands and their respective models in the Syngrasp Toolbox

.
European Project THE [70], has been utilized for all the simulation. SynGrasp was realized for the analysis of grasping, suitable both for robotic and human hands. It includes
functions for the definition of hand kinematic structure and of the contact points with a
grasped object. The coupling between joints induced by an underactuated control can
be modelled. The hand modelling allows to define compliance at the contacts and joints
level. The analysis functions provided can be used to investigate the main grasp properties: controllable forces and object movement, manipulability analysis, grasp quality
measures. Functions for the graphical representation of the hand, the object and the main
analysis results are provided. The resulting hand models are shown in Fig. 5.1.
Similar simulations have been carried out for the virtual sphere and the virtual ellipsoid mapping, however a more intensive investigation has been performed for the virtual
sphere mapping since it represents the simplest virtual object. All the simulations can
be easily extended also to the virtual ellipsoid algorithm.
The joint to joint mapping and the fingertip mapping methods presented in Chapter 1 were compared with the proposed virtual object-based algorithms. Other mapping
methods [46, 47] were not taken into account since they can not be easily extended to
kinematic structures that differ from those proposed in the relative papers.
It is worth noting that differently from other approaches where the joint to joint
mapping only concerns pre–grasps [38], in this work it is used also for grasp analysis
including in the hand model both contact and joint compliance. This allows to easily
extend the pure kinematic model to the quasi–static analysis of grasp.
We compared the mapping algorithms in terms of internal force variations and grasped
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object motions. In the end, a simulation of a possible application of the method to a manipulation task is reported. These aspects are fundamental to evaluate the performance
of a grasping and manipulation task [71].

5.1.1

Virtual sphere mapping

Internal force evaluation
The proposed object-based mapping is independent from the number of contact points
considered in the paradigmatic and in the robotic hands. A direct comparison of the
force exerted on the object is, thus, not possible when different number of contact points
are selected. We adopted a measure of the whole object deformation produced by the
activation of synergies, in a compliant context as described in Chapter 2, to evaluate and
compare the performance of the mapping procedure. We considered the energy variation
of the hand-object system due to contact forces.
For each mapping method and for each considered robotic hand, a synergy variation δ z was imposed both to the paradigmatic and to the robotic hand. Note that the
fingers not involved in the grasp were moved according to the synergies’ activation on
the paradigmatic hand, while they were left at their respective initial positions on the
robotic hands, for all the simulations. According to eq. (2.40) the corresponding internal
force variation δ λ was evaluated. Assuming a linear compliant model for the contacts
as those described in eq. (2.20), the contact force variation corresponds to a deformation of the contact springs. By indicating with δ x the vector containing the deformation
components of each contact point evaluated as δ x = K −1 δ λ , the elastic energy variation
produced by the activation of synergies can be computed as
1
1
δ Eel = Kkδ xk2 = K −1 kδ λ k2 ,
2
2

(5.1)

where K is the contact stiffness matrix defined in eq. (2.20). The sign of the energy
variations has been taken into account during the simulations.
Tables 5.1 and 5.2 show how far is the Barrett Hand from replicating the energy
obtained with the paradigmatic hand moving the hand along the first, second and third
synergy respectively, when a precision/fingertip grasp is considered. The reported values
indicate, in percentage, the energy variation difference. Two cases were considered, with
three and four reference points respectively, on the paradigmatic hand. In both cases
three reference points were assumed on the robotic hand. The size of the grasped object
(a sphere in this case) was selected as to rather fit the average position of the fingers of
the paradigmatic hand. The sphere grasped by the Barrett Hand was scaled using the
scaling factor defined in eq. (3.7). As it can be seen from the tables, energy values
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Table 5.1: Energy variation error for the Barrett Hand considering three contact points on the
paradigmatic hand.

Synergies
Syn 1
Syn 2
Syn 3

Virtual Sphere

Joint-to-joint

Fingertip

21%
10%
50%

62%
192%
30%

122%
103%
166%

Table 5.2: Energy variation error for the Barrett Hand considering four contact points on the
paradigmatic hand.

Synergies
Syn 1
Syn 2
Syn 3

Virtual Sphere

Joint-to-joint

Fingertip

7%
45%
41%

62%
219%
68%

123%
100%
125%

obtained in the robotic hands using the proposed virtual sphere method are closer to
that obtained for the paradigmatic hand, for all the evaluated cases. It is worth to note
that when the number of contact points is different, a correction factor kcp = nnch
has to
cr
be considered to compare the different values. Then deformation energy on the robotic
hand was computed as
1
δ Eel,r = kcp Kkδ xk2 .
(5.2)
2
The result trends obtained with three and four reference points on the paradigmatic hand
are quite similar, and show the robustness of the proposed mapping procedure with respect to the number of reference points chosen on the paradigmatic hand.
Tables 5.3 and 5.4 present the results of similar simulations performed with the DLRHIT II Hand model. We considered the same number of reference points (four) in the
robotic hand, while two cases, four and three reference points respectively, were considered for the paradigmatic hand. Also in this case, the performances of the proposed
mapping method are better with respect to other methods, since the energy stored in the
contact springs of the robotic hand is closer to the value obtained with the paradigmatic
one. This means that the deformation imposed to the grasped object by the robotic hand
is similar to the deformation that would be impressed by the paradigmatic hand when
the same synergy input is applied. Note that, in Table 5.4 the fingertip method is not
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Table 5.3: Energy variation error for the DLR-HIT II Hand with four contact points (paradigmatic
four contact points).

Synergies
Syn 1
Syn 2
Syn 3

Virtual Sphere

Joint-to-joint

Fingertip

12%
54%
52%

87%
244%
83%

86%
103%
73%

Table 5.4: Energy variation error for the DLR-HIT II Hand with four contact points (paradigmatic
three contact points).

Synergies
Syn 1
Syn 2
Syn 3

Virtual Sphere

Joint-to-joint

Fingertip

1%
26%
10%

86%
211%
290%

−
−
−

considered since, in that example we considered more fingers in the robotic hand (four)
than those considered in the paradigmatic hand (three) and the fingertip method is not
directly applicable.
Additional tests were performed to analyse the sensitivity of the obtained results,
in terms of elastic energy variation, with respect to variation of the object dimension.
We considered spheres of different sizes, manipulated by the Barrett Hand, driven by the
paradigmatic hand grasping always the same sphere. Results obtained by activating only
the first synergy are shown in Fig. 5.2. On the x-axis, the scaling factors computed as the
ratio between the two sphere radii are reported. On the y-axis the elastic energy variation
percentage difference between the paradigmatic and the robotic hand is shown. As it is
clear from the diagram, the virtual sphere algorithm has always a lower difference value,
and, moreover, its performance is substantially independent from the the scaling factor,
and thus from the object size. Similar results are obtained when other synergies are
activated.
In Table 5.5 the results of a power grasp are presented. Six contact points were
considered on the paradigmatic hand while four and six points were considered on the
Barrett and DLR-HIT II Hand, respectively. Fig. 5.3 shows the considered grasps. The
better results obtained with the DLR/HIT II Hand are due to the highest dexterity of the
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Figure 5.2: Energy variation error of the three mapping algorithm applied on the Barrett Hand

device that present 15 DoFs instead of the 8 DoFs considered for the Barrett Hand.
Table 5.5: Energy variation in power grasps

Synergies

Barrett

DLR-HIT

Syn 1
Syn 2
Syn 3

22.27%
35.17%
53.35%

19.98%
28.22%
43.50%

Object motion during manipulation
In order to investigate how the mapping procedure influences the grasped object trajectory, we simulated the motion δ u of an object grasped by the robotic hands, while the
first synergy is activated on the paradigmatic hand. As reported in Chapter 2, δ u is due
both to the displacement of the contact points related to the hand configuration variation
(rigid body motion), and to the different deformation of the contact equivalent springs

5.1. Simulations

59

10
0
−10
−20
−30
−40
−50
−60

0

−70
−80
60

50
100
40

20

0

−20

−40

−60

−80

150

(a) Paradigmatic hand
300

140

120

250
100

200

80

60

150
40

100

20

0

−100
−50

−20
100

0
50

0

50
−50

−100

(b) Barrett Hand

100

50
200
100
0
−100

150

100

50

0

−50

−100

(c) DLR/HIT II Hand

Figure 5.3: A power grasp executed with the paradigmatic 5.3(a), the Barrett 5.3(b) and the DLRHIT II 5.3(c) hand.

that can be defined to take into account compliance [21]. The vector δ u is composed
of the object centroid displacement and object rotation, and was evaluated according to
eq. (2.39). For the sake of simplicity, in the presented results only the translational component of the object motion was considered. We evaluated the difference between the
centroid motion directions of three different objects grasped by the paradigmatic and the
robotic hands: a sphere, a cube and a cylinder.
The results for a cubic object motion are reported in Table 5.6. In this case we
considered the motion due to the activation of the first three synergies separately using
the virtual sphere mapping onto the Barrett Hand.
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Table 5.6: Angular differences for a cube using Virtual Sphere mapping

Synergies

Barrett

Syn 1
Syn 2
Syn 3

27.83◦
4.31◦
34.85◦

Table 5.7: Angular differences for a cylinder using Virtual Sphere mapping

Synergies
Syn 1
Syn 2
Syn 3

DLR-HIT II
18.58◦
7.31◦
0.92◦

Concerning the cylinder, in Table 5.7 are reported the angular differences in motion
direction obtained mapping onto the DLR-HIT II Hand the first three synergies separately. In Fig. 5.4 the consider grasps are shown.
For the spherical object, we evaluated also the sensitivity of the mapping procedure
with respect to hand initial configuration changing the starting position of the robotic
hands by varying its palm orientation with respect to the palm of the paradigmatic hand.
The obtained results are reported in Fig. 5.5 and 5.6 for the Barrett and the DLR-HIT II
hand, respectively. In the graphs, the angles on the x-axis represent the angular difference between the paradigmatic and robotic palm orientations. The value 0◦ corresponds
to a perfect alignment of the two palms. Then the orientation was changed by applying
to the robotic hand a rotation about a direction taken as normal to the motion direction
of the object manipulated by the paradigmatic hand. The obtained results show that the
fingertip method and the virtual sphere mapping are substantially independent from the
different orientations of the hands. The virtual sphere mapping behaves better in terms
of difference between object directions. The joint to joint mapping method, instead, obtains sensibly worse results, and its sensitivity with respect to hand orientation is evident.
In particular, in the DLR-HIT II Hand, we observe that the joint to joint angular error is
approximately linearly dependent on the orientation difference between the hands.
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Figure 5.4: Manipulation of a cube and a cylinder using Barrett and DLR-HIT II hand respectively.

Manipulation task
The virtual sphere mapping algorithm previously described was also tested in a manipulation task, as an example of its applicability. In this example, we considered the grasp
of a cubic object. In the initial configuration the paradigmatic hand grasped the cube
with three contact points placed at the fingertips of the thumb, the index and the middle
finger, as sketched in Fig. 5.7(a). We suppose that the internal forces, in the reference
configuration, are sufficient to guarantee a stable grasp, then they satisfies force closure
criteria, [51]. The same cube was held by the DLR-HIT II Hand, as shown in Fig. 5.7(c).

62

5. Simulations and Experiments

120
Virtual Sphere
Joint to Joint
Fingertip
100

Degrees

Degree

80

60

40

20

0

0

10

20

30

40

50

60

70

80

90

Degrees

Degree

Figure 5.5: Angular error between the object motion directions of the three different mapping on
the Barrett Hand
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Figure 5.6: Angular error between the object motion directions of the three different mapping on
the DLR-HIT II Hand

A cube with dimension increased by a factor 2.5 was grasped by the Barrett Hand, as
shown in Fig. 5.7(b). The resulting scaling factor, necessary for the virtual sphere mapping algorithm, that depends both on the object size and on the position of the contact
points, for the Barrett hand was ksc = 2.85. It is worth to recall that the scaling factor, defined in eq. (3.6) is determined by the configuration of the both robotic and paradigmatic
hand, once the contact points are fixed.
According to the results presented in [19] and summarised in Chapter 2, when three
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contact points are considered and a HF contact model is assumed, the dimension of
the controllable internal force subspace, i.e. of the subspace Es defined in eq. (2.41) is
three, then at least a set of four synergies is needed to produce a rigid body motion, as
those obtained in eq. (2.50). The set of the first four synergies for the paradigmatic hand
were considered to obtain a rigid body motion on the object. In the proposed simulation, the specific combination of synergies corresponding to the rigid body motion was
evaluated by calculating matrix Γ in eq. (2.50), that in this specific case, with four activated synergies, has only one column for the paradigmatic hand. The paradigmatic hand
rigid body motion was mapped onto movements of the two robotic hands through the
proposed virtual sphere mapping algorithm. The centroid of the cube was displaced of
6mm, along the direction defined by the rigid-body motion [21] imposed by the paradigmatic hand. For each integration step, matrix Gamma = [ΓTzcs ΓTucs ] was evaluated from
eq. (2.50). In this example, since nz = 4, Γzcs ∈ ℜ4 and Γucs ∈ ℜ4 , then the rigid body
motion produced by the paradigmatic hand was generated by activating the following
synergies δ z = Γzcs δ T , with δ T = 0.04s. The corresponding object displacement was
δ uh = Γucs δ T . The trajectory of the object can be then updated and the grasp is evaluated in the new configuration for the paradigmatic hand. For the robotic hands, the
object displacements were evaluated according to eq. (2.39) as δ ur = Vr δ z. The simulation was carried out in 1.07s. The trajectories of the cube grasped by the paradigmatic
hand and of those manipulated by the robotic hands were then evaluated by numerically
integrating. For the Barrett hand, the average distance between the final point of the
trajectories was 3mm, the mean value of the difference, during all the path, was 1mm1 .
In the DLR-HIT II hand case the trajectories was practically the same. The sensibly
better performances of the DLR-HIT II hand are a consequence of its higher dexterity
with respect to the other one.
In Fig. 5.8 the trajectories of the cubes manipulated by the three hand models are
shown. Note that in this diagram the Barrett Hand trajectory is longer than the other
two. This is due to the scaling factor used to scale the linear velocities as described in
Chapter 3.

5.1.2

Virtual ellipsoid mapping

The proposed virtual ellipsoid mapping was validated on a modular three-fingered 9
DoFs robotic hand and on a DLR-HIT II Hand model. The obtained results were compared with the joint to joint mapping and the fingertip-mapping methods [38, 41]. Other
1 This

values have been evaluated taking into account the scaling factor.
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Figure 5.7: The human-like hand grasping a cube with the thumb, index and middle finger(a), the
modular three-finger robotic hand (b) and the DLR-HIT II Hand (c) grasping a cube

mapping methods [45, 46] were not taken into account since they can not be easily extended to kinematic structures that differ from those proposed in the relative applications.
The grasp of two different objects was considered: a sphere and a cube. The paradigmatic and robotic hand joint variables, and the contact points in the initial configurations
were known. Starting from this initial given grasp, we modified the reference joint values according to the previously described methodology. Since the hand is grasping an
object, by activating the synergies, both the contact forces and the grasped object position and orientation vary. The details of the relationships between input synergy and
output variable values are detailed in Chapter 2. Algorithm performances were evalu-
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Figure 5.8: Trajectories of the cubes manipulated by the Paradigmatic Hand and the two robotic
hands.

ated comparing the object motion directions and grasp quality obtained controlling the
robotic hands with an approach similar to that reported in [19, 20].
Grasp quality evaluation was performed using both qualitative and quantitative metrics in order to evaluate the force-closure properties of the grasp as described in [72].
The qualitative metric returns a boolean value that shows if the obtained grasp is forceclosure. The quantitative aspect of the grasp quality is expressed using a penalty function. The resulting index represents the inverse of the distance of the grasp from violating
contact constraints. All details of the used indexes can be found in [72].
In the first simulation, a spherical object was considered and the reference points for
the human and robotic hands were chosen on their respective fingertips.
We considered the paradigmatic hand grasping a sphere with the fingertips of the thumb,
index, medium and ring fingers, while for the modular three-fingered hand and the DLRHIT II hand we considered three and four contact points respectively. This emphasizes
the independence of our method to the number of selected contact points. The paradigmatic and robot hand grasps that were analysed are shown in Fig. 5.9. The computed
scaling factors ksc were 1.7 and 1.9 for the modular and the DLR-HIT hand respectively.
The obtained results are summarized in Table 5.8 for the DLR hand and for the
modular hand, respectively. Each row corresponds to the case of controlling hands with
one synergy or combinations of synergies. This analysis was carried out considering the
first three synergies and their combinations.
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Figure 5.9: The human-like hand (top), the modular three-finger robotic hand (bottom-left) and
the DLR-HIT II Hand (bottom-right) grasping a sphere with respectively four, three and four
contact points.

The second column shows the grasp quality indexes for the human-like hand controlled with synergies, while the third one reports those of the robotic hand controlled
with the reference joint values obtained with the proposed virtual ellipsoid mapping. The
fourth and the fifth columns refer to the joint to joint mapping and to the fingertip mapping, respectively [38, 41]. The performance is expressed by means of the cost function
measuring the grasp quality as described in [72]. The selected cost function basically
represents a sort of distance between the contact forces and the direction normal to the
contact surface, then lower values represent set of contact forces that are farther from the
friction cone boundaries and then are better from the grasp stability point of view. This
cost function can be evaluated only if the grasp is force-closure, empty values in the table
mean that, for that method and those selected synergies, no force closure is achievable.
More details on the evaluation of grasp quality measures in synergy actuated robotic
hands can be found in [20].
Let us analyse, for example, results shown in Table 5.8, relative to the DLR-HIT
II Hand. In the paradigmatic hand (second column), force closure can be obtained by
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activating only the first, the first two or the first three synergies, no force closure can
be obtained if we activate only the second or third synergy once. By increasing the
number of synergies from one to three clearly grasp quality increases (cost function
value decreases). If we consider the virtual ellipsoid mapping method described in the
Chapter 3, we obtain better results with respect to the joint to joint and the fingertip
methods. The same quality indexes were evaluated considering the grasp of an object
with different shape, a cube. The obtained results are summarized in Tables 5.9 for the
DLR hand (the modular hand presents qualitatively similar results). By observing the
obtained results, we can conclude that, concerning the grasp quality index, the virtual
ellipsoid mapping, both for spherical and cubic objects gets closer to the human-like
grasp behaviour in all the analysed cases.
Table 5.8: Grasp quality evaluation for the spherical object.

DLR-HIT II hand

Synergies
Syn 1
Syn 2
Syn 3
Syn [1-2]
Syn [1-3]

P
0.2
−
−
0.14
0.09

VE
−
−
−
0.046
0.037

JtJ
−
−
−
−
0.057

F
−
−
−
0.079
0.049

Modular hand
Synergies
Syn 1
Syn 2
Syn 3
Syn [1-2]
Syn [1-3]

P
0.2
−
−
0.14
0.09

VE
−
−
−
0.02
0.02

JtJ
−
−
−
0.113
0.020

F
−
−
−
−
−

P: paradigmatic hand, VE: Virtual Ellipsoid,
JtJ: Joint to Joint, F: Fingertip
We further evaluated the error arising from the mapping of a rigid body motion of an
ellipsoidal object. The rigid body motion was obtained by applying a constant synergy
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Table 5.9: Grasp quality evaluation for the cubic object.

DLR-HIT II hand

Synergies
Syn 1
Syn 2
Syn 3
Syn [1-2]
Syn [1-3]

P
0.3
−
−
0.20
0.14

VE
−
−
−
0.156
0.146

JtJ
−
−
−
−
−

F
−
−
−
−
−

P: paradigmatic hand, VE: Virtual Ellipsoid,
JtJ: Joint to Joint, F: Fingertip

rate, i. e. ż = const. We firstly evaluated the trajectory of the virtual ellipsoid with the
paradigmatic hand. We then compared this trajectory with those obtained with the DLRHIT II hand, by applying the proposed virtual ellipsoid, the joint to joint and the fingertip
mapping procedures. In the virtual ellipsoid algorithm, we used a scale factor ksc = 1,
in order to compare the trajectories for the paradigmatic and robotic hand respectively.
According to the geometric analysis presented in [19], that relates the dimensions of
controllable internal contact force and rigid body motion subspaces to the number of
actuated synergies, we observed that, if an object rigid body motion has to be produced,
at least four synergies have to be considered with three contact points (with a Hard
Finger contact model) and seven synergies with four contact points. For the DLR-HIT
II hand analysis we then considered the first seven synergies. The arising trajectories
of the center of the ellipsoidal object for modular and DLR-HIT II hand are shown in
Fig. 5.10. As it can be seen from the plots, the trajectories obtained for the robotic hand
with the virtual ellipsoid procedure is very close to those obtained with the paradigmatic
hand, with respect to the other mapping methods. This result is clearly due to the fact
that the mapping itself is based on the replication, in the workspace, of the same rigid
body motion of a virtual object.

5.2

Experiments with robotic hands

The experiment with real robotic hand were performed on the Modha39p hand, the DLRHIT II hand and the DLR II hand [73]. The last robotic hand, not used for simulations,
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Figure 5.10: Trajectories in the workspace of the center of the ellipsoidal object for the modular
(left) and DLR-HIT II (right) hand. The blue lines represent the mapped motion obtained with the
proposed algorithm; the red line represent the motion with the paradigmatic hand, while green and
violet lines represent joint to joint and fingertip mapping respectively. Axis units are in cm.

has four fingers each with 3 DoFs, resulting in 12 DoFs overall. In the following experiments, the capability to reproduce grasped object motion has been evaluated. At the
end, the control paradigm based on the virtual sphere mapping in combination with the
s-IPC has been tested in grasping and manipulation tasks. We demonstrate that also with
real hand models, it is possible to plan movements in the reduces joint space defined
using synergies and then map the obtained reference input onto the robotic hand without
focusing on the kinematic structures of the devices.

5.2.1

Object motion with the ModHa39p Hand and DLR-HIT II
Hand

The target of this experiment was to compare the trajectory of the center of a virtual
grasped object moved by the paradigmatic hand and the mapped trajectory of a real
object grasped and moved by the robotic hands. A tracking system for the real grasped
object was thus necessary. We used the ARToolkit library [74–76] to track the motion
of a marker placed on the grasped object through a camera, in order to get a cheap and
efficient optical system able to meet the specifics of precision required.
ARToolKit is a C and C++ language software library that lets programmers easily
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Figure 5.11: ARToolkit coordinates frames: (a) camera frame hxc , yc , zc i, marker frame
hxm , ym , zm i and ideal screen frame hxs , ys i; (b) marker line contour (dotted lines) and corners
(xci , yic ), i = 1, 2, 3, 4.

develop Augmented Reality applications. It uses computer vision techniques to compute
the real camera position and orientation relative to marked cards, allowing the programmer to overlay virtual objects onto these cards. Given square markers are used as a base
of the coordinates frame where virtual objects are represented. The idea is to place a
marker on the grasped object to estimate its position.
Let us consider the setup reported in Fig. FIG:ARToolkit where a perspective camera
hci is observing a marker hmi. If we call the 3-D coordinates of a point X relative to the
camera and marker reference frame Pc ∈ R3 and Pm ∈ R3 , they are related by a rigidbody transformation:
m
(5.3)
P c = Rm
c Pm + tc
where Rm
c ∈ SO(3) is the rotation matrix which relates the camera and marker refere e
ence frame and tm
c the corresponding translation vector. Considering Pc , Pm the relative
extension in homogeneous coordinates, eq. (5.3) can be written as
ec = Hm
e
P
c Pm

where
Hm
c

=

"

Rm
c

tm
c

01×3

1

(5.4)

#

.

(5.5)
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Marker
Camera

Figure 5.12: The setup of the experiment for object motion evaluation. The camera measure the
movement of the marker placed on the grasped object.

Let us assume that the intrinsic camera calibration matrix is given by,


fx


K=0

0

s
fy
0

u0




v0 
1

where fx , fy (pixels) denote the focal lengths of the camera along the x and y directions,
s is the skew factor and (u0 , v0 ) (pixels) is the principal point of the CCD. According to
ec on the camera is given
ec , [xc yc 1]T of P
perspective projection models, the projection u
by
ec ,
ec = K[I 0] P
u
(5.6)

where I ∈ R3×3 represents the identity matrix. By putting together eq. (5.4) and eq. (5.6)
we obtain,
e
ec = K[I 0] Hm
u
c Pm

which describes the projection on the camera image plane of a 3-D point expressed in
the marker reference frame hmi. The marker pose and position (Hm
c ) can be obtained by
minimizing the reprojection error
err =

1
∑ (x̂ci − xci )2 + (ŷic − yic )2
4 i=1,2,3,4

(5.7)
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Figure 5.13: Object trajectories obtained during the experiments.

where x̂ci , ŷic are noisy measurements of the i-th marker corner and xci , yic are the ideal
corresponding points (see Fig. 5.11), [77], [78].
In Fig. 5.12 the setup of the experiment is showed. The obtained measures were
used to estimate the motion of the grasped object. A plastic cube was the grasped object.
The first four synergies were activated on the paradigmatic hand model being in contact with a virtual cube with three contact points. Given this underactuation condition,
for each configuration of the hand, only one feasible rigid body motion of the cube exists, corresponding to a particular combination of the four synergies (see Chapter 2).
This particular combination was incrementally activated on the hand at each time step,
resulting in an object movement that is represented by the blue line in Fig. 5.13.
The synergistic movement of the paradigmatic hand were mapped using the virtual
sphere mapping onto the two considered robotic hands, the DLR/HIT II Hand and the
ModHa 39p. The mapped movement produced an object displacement. The resulting
trajectories are represented in Fig. 5.13. We performed 20 trials for each robotic hand
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(a)
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(b)

(c)

Figure 5.14: The first synergy mapped onto the modular hand: (a) starting position, (b) middle
position, (c) end position. In the top-left the corresponding paradigmatic hand postures.

and the plotted trajectories that we considered to analyse the performances have been
computed as the average of the 20 obtained trajectories. Note that the three paths have
different lengths. This is due to the scaling factor introduced in the mapping algorithm.
In particular, the Paradigmatic Hand performed a 5.9 mm movement. The ModHa 39p
performed a 3.61 mm movement corresponding to the scaling factor 0.61 computed by
the mapping algorithm. The DLR-HIT II Hand, with a scaling factor of 1.3, produced
an object displacement of 7.69 mm. Note that the DLR-HIT II Hand obtained better
results in terms of object motion trajectory. This is due to its higher redundancy and
thus dexterity. It was not possible for the Modular Hand to perfectly reproduce the
movement, given its simple kinematic structure. However the mapping algorithm, with
its pseudoinverse computation, produced the closest feasible trajectory for this hand. In
the two cases we computed an average error that is the average angular distance between
the linear velocity vector of the paradigmatic and the robotic hand at each time step.
For the ModHa 39p this error was 7.4 degrees, while for the DLR-HIT II hand it was
practically 0.
Additional experiments were performed using the virtual ellipsoid algorithm. The
first two synergies of the paradigmatic hand, mapped on the modular robotic hand according to eq. (3.24) and without a real grasped object, are shown in Fig. 5.14, 5.15.2 .
The rigid body object motion obtained controlling the robotic hand using the virtual
ellipsoid algorithm is shown in Fig. 5.16.
The object motion shown in Fig. 5.16, is the rigid-body motion Γucs defined in eq.
2 Videos

of the proposed mapping are available at http://tinyurl.com/sirslabmapping
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(a)

(b)

(c)

Figure 5.15: The second synergy mapped onto the modular hand: (a) starting position, (b) middle
position, (c) end position. In the bottom-right the corresponding paradigmatic hand postures.

(a)

(b)

(c)

Figure 5.16: Object rigid body motion obtained controlling the first four synergies: (a) starting
position, (b) middle position, (c) end position. The red arrows represent the motion of the object,
while the black arrows represent the movement imposed by the paradigmatic hand.

(5.8). For this grasp configuration the linear components of Γucs are:



0
Γucs =  0  .
0, 97

(5.8)

As discussed in the Chapter 2, and detailed in [19], since three contact points and a HF
contact model are considered, four synergies are necessary in order to control one rigid
body motion. The object motion shown in Fig. 5.16 is obtained activating the first four
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synergies. The corresponding synergy activation vector is:


−0, 04
 −0, 22 

Γqcs = 
 −0, 11  .
−0, 03

Note that the most significant component of this vector is the second one, so that, the resulting movement of the modular hand is essentially along the second synergy direction.
Although the used device represents a trivial example of robotic hand, the complexity and the high number to DoFs to control are a possible benchmark to validate our
approach. Furthermore its kinematic structure is significantly different from the paradigmatic hand one, so it is meaningful to test how the proposed mapping method behaves
with very dissimilar hand structures.

5.2.2

Grasping using mapped synergies

Santello et al. [10] studied human grasping and analysed the amount of degrees of freedom that the human needs to perform a certain set of grasping tasks using PCA analysis
determining the principal coordinates along which the joint motion is performed. This
concept has found several applications in the robotics community, since the reduction of
degrees of freedom requires in general less computation power and less drives. So that, a
possible solution to reduce the complexity of control, could be to compute postural synergies also for the robotic hands. The approach in literature consists in using a database
of grasps performed by the robotic hand and applying similar analysis to determine the
robot principal coordinates. In [79] the first two synergies for the DLR II hand have
been computed evaluating a database of 26 feasible grasp postures. In [18, 80] a similar
approach has been applied to the UB Hand IV (University of Bologna Hand, version
IV).
Differently from this approach, the postural synergies can be directly mapped onto
the robotic hands using the proposed object-based mapping algorithm. This solution
avoids the experimental evaluation of a large number of robotic grasp and keep the human inspiration of the obtained synergies. In the following, the grasp of two different
objects obtained using only two mapped synergies is described. The used robotic hand
is the DLR II hand, while the object-based mapping is the virtual sphere. The control law was implemented using the Real-Time Workshop of MATLAB/SIMULINK in
combination with the tool chain offered by RT-LAB [81]. The code generated from the
SIMULINK model runs on QNX on a Pentium IV with 3 GHz with a controller sample
time of 1 ms.
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(a) Starting position

(b) End position

(c) Starting position

(d) End position

Figure 5.17: The first and the second synergy mapped onto the DLR II hand.

In Fig. 5.17 the first two mapped synergies are shown. The synergies are obtained
performing the first and second postural synergies on the paradigmatic hand and computing the respective reference joint values for the robotic hand through the mapping
algorithm. The effectiveness of the proposed approach has been verified grasping two
different objects: a ball (Fig. 5.18-left) and a box (Fig. 5.18-right).
If the robotic hand is not grasping an object, the reference and actual robotic joint
values are the same. The values of the activated synergies are reported in Fig. 5.19. In
the grasping of the box, also the second synergy is activated in order to shape the hand
correctly before the actual grasp obtained principally acting on the first synergy. When
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Figure 5.18: A ball and a box grasped using only the first two mapped synergies.
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Figure 5.19: Synergies activation values for the ball (left) and the box (right).

the robotic hand is grasping an object, contact forces arise according to the compliant
model presented in Chapter 2. In Fig. 5.20 the arising contact forces are reported.
Note that for the DLR II hand the desired joint position is converted in a desired joint
torque since the hand is torque controlled.
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Figure 5.20: Contact forces during grasping of the ball and the box, on the left and right side
respectively.

5.2.3

Grasping and manipulating object using virtual sphere and
s-IPC

In this section, two experiments are presented to validate the use of virtual sphere mapping combined with the s-IPC. The activation of the two first synergies were considered
on the paradigmatic hand. This choice is related to the capability of the synergies to describe a great amount of hand motions. However, the method can be applied to different
movements. In the first experiment a ball is grasped using only the first synergy on the
paradigmatic hand to generate the input signals for the s-IPC controller. In the second
experiment a combination of the first two synergies is used to firmly grasp a ball while
moving it along a predefined direction. The robotic hand used was the DLR II hand,
while the control approach is described in Chapter 3. The control law was implemented
using the Real-time Workshop of MATLAB/SIMULINK in combination with the tool
chain offered by RT-LAB [81]. The code generated from the SIMULINK model runs on
QNX on a Pentium IV with 3 GHz with a controller sample time of 1 ms.
In Fig. 5.21 the first two mapped synergies using the virtual sphere algorithm to
generate the inputs for the s-IPC are shown. The mapped synergies are obtained moving
the paradigmatic hand along the first two synergies and using the control law presented
in Chapter 2.
The setup for the grasping and manipulation experiments is reported in Fig. 5.22.
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(a) Starting position

(b) End position

(c) Starting position

(d) End position

Figure 5.21: The first and the second synergy mapped onto the DLR II hand using the s-IPC
controller.

In the grasping experiment only the first synergy was activated to obtain a stable
grasp (Fig. 5.23-a). The forces applied to the s-IPC object by the controller (Fig. 5.23b) are small excepting the force along the direction perpendicular to the hand’s palm
(the red line in Fig. 5.2.3-b). This motion is related to the first synergy activation that
moves the s-IPC object toward the palm. The arising connection forces related to the
virtual sphere’s radius variation are shown in Fig. 5.23-c. Since the open-close motion
induced by the first synergy significantly affect the variation of the virtual sphere radius,
the arising contact forces (Fig. 5.23-d) guarantee a stable grasp.
The synergies activation for the manipulation experiment is reported in Fig. 5.24-a.
The first synergy has a constant value for all the experiment to ensure a sufficient in-
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Figure 5.22: Grasping and manipulating object with s-IPC: the setup for the DLR II hand.

ternal forces corresponding to a stable grasp. In the meanwhile the second synergy is
activated to generate a motion of the object. The activation of this synergy do not significantly affect the variation of the virtual sphere radius and consequently the connection
and contact forces (Fig. 5.24-b, 5.24-c). Instead the forces related to s-IPC object’s
displacement are significantly involved (Fig. 5.24-d). Using only two DoFs represented
by the first two synergies activation value, a simple on-hand manipulation task, where
the stability of the grasp is guarantee by the s-IPC controller, has been obtained. More
complicated motions would require an higher number of involved synergies.

5.2. Experiments with robotic hands
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Figure 5.24: The DLR II hand manipulating a ball using the s-IPC controller.

Chapter 6

Conclusion
Alea iacta est.
Julius Caeser

Robotic hands usually have very dissimilar kinematics (in terms of number of fingers, number and type of joints, etc.), and actuation systems (tendons, mechanical linkages, direct joint actuation etc.), and then their control system has to be very customdesigned.
The proposed mapping strategies, based on mimicking behaviour of human hand
synergies, represent the basis of an interface between a higher level control, that defines
the synergy reference values z, and the robotic hand. The high level can be thought as
independent from the robotic hand structure.The interface, based on the object-based
mapping, represents the low level control stage whereby the input synergies are translated into reference joint velocities which actually control the robotic hand.
The main advantage of this approach is that the high level control is substantially
independent from the robotic hand and depends only on the specific operation to be performed. It could then be possible, for example, to use the same controller with different
robotic hands, or simply substitute a device without changing the high-level controller,
thus realizing a sort of abstraction layer for robotic hand control based on postural synergies. The proposed object-based mapping focuses on the task to be performed rather
than replicating the human hand motion at the fingertips or joint–to–joint. Furthermore,
the use of the object-based mapping in combination with the s-IPC controller enhances
the grasp stability during on-hand manipulation and gives an intuitive approach to generate suitable trajectory for the grasped object.
The proposed mapping strategies has been numerically evaluated in grasping and
manipulation tasks. Work is in progress to validate the object-based mapping also for
the approaching phase of grasps. Simulation results are very interesting in terms of
performances as shown in Chapter 5. However, this approach presents some drawbacks.
The proposed mapping is based on a heuristic approach: we choose to reproduce a part
of the hand motion, which corresponds to the main actions of manipulation: squeezing
and moving an object. Although squeezing and moving an object explain a wide range
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of tasks, many other possibilities exist in manipulating objects which are not modelled
by this mapping. Work is in progress to generalize the proposed method enriching the
possible motions to be reproduced. In this work a virtual sphere and a virtual ellipsoid
have been used for the mapping. However, the algorithm can be modified to consider
different shapes and different types of movements in the task space. Increasing the
number of parameters in the virtual object and virtual displacement definition allows to
replicate more complex hand movements, but, at the same time, increases the mapping
complexity while decreasing the robustness.
For a given object to grasp, different grasping planning algorithms [14] can be used
to choose the contact points and the hand configurations to be used as parameters of the
object based mapping.
Concerning the number of contact points in the paradigmatic and robotic hand, the
numerical simulations in the previous showed that they influence the performance of the
mapping procedure, in terms of object deformation and displacement. For the DLRHIT II Hand, for instance, whose performance in terms of elastic energy variations are
summarized in Table 5.4, the best results are obtained when three contact points are considered on the paradigmatic hand and four points are considered on the robotic one. This
is probably due to the fact that the fourth contact point do not add significant information
useful for the mapping, but, on the contrary, add a sort of noise in the virtual object displacement and deformation estimation, that cannot be reproduced by the robotic hand.
Furthermore, the different synergies lead to different performance in terms of elastic energy variation and object motions, in particular, the mapping of synergies that, in the
paradigmatic hand, do not produce a significant virtual object displacement or radial deformation, is more difficult. This is the case, for example for the DLR-HIT II Hand, of
the second synergy and three contact points in the paradigmatic hand, in which the fingers approximately moves on the virtual object surface, without producing a significant
object displacement or radial deformation.
Finally, this work focuses on the reproduction of the object motion and grasp forces,
produced by controlling the paradigmatic hand through synergies. The human hand is
still probably the best grasping device, and for this reason we started from it to develop
the described mapping. In particular, the synergy organization of hand joint was observed and mapped in this work, since it represents a simple but versatile way to control
a complex kinematic structure, and then naturally is the base on which the mapping
procedure was initially developed and tested. However, it is worth to underline that the
proposed mapping is not limited to synergies and can be generalized to arbitrary hand
movements. In this direction, the object-based mapping could be exploited in teleoperation and telemapulation applications. In the envisaged scenario it could be possible to
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use the object-based mapping to map the motion of the human hand considered as the
“master” onto the “slave” robotic hand.
A synergy based mapping approach can be useful also in uncertain conditions. The
human hand synergies are able to adapt to a wide range of tasks, and to work in uncertain
environments, with an almost infinitely wide set of objects. The synergies are defined
to synthesize the common components of all these tasks and then they represent an
optimal trade-off between simplicity and versatility. A synergy based mapping can take
advantage of these properties and consequently can result to be a robust control solution
also when the environment conditions and/or the planned tasks are uncertain.
Designing synergy-based control strategies in the paradigmatic hand domain can
dramatically reduce the dimensionality of the grasping and manipulation problems for
robotic hands. However, an efficient mapping is needed to deal with robotic hands with
dissimilar kinematics. In this thesis, a method for mapping synergies that, using a virtual object, allows to specify the mappings directly in the task space, thus, avoiding the
problem of dissimilar kinematics between human–like hand and robotic hands, is presented. The proposed solution has been compared to the other approaches proposed in
the literature and demonstrating that the object-based method is more efficient in terms
of internal forces mapping and direction of motion. We tested the method in simulation
with three robotic hands model with dissimilar kinematic structure. A DLR-HIT II hand,
a Barreth-like hand the ModHa39p hand were used since, in our opinion, they present
different structures able to confirm the generality of the approach. Experimental tests
were also realized with the ModHa39p hand, the DLR II hand and the DLR-HIT II hand
demonstrating the applicability of the method to real robotic devices.
One of the main issues of our approach is that the mapping is non linear and that its
implementation could be computationally complex.
The ongoing research is evaluating the conditions whereby some simplification can be
applied to get constant or slowly varying mapping. As future work, moreover, an integration with grasping simulators like Syngrasp [69] or Grasp-it! [82] is expected in
order to use its grasp planner to determine initial position of the human and the robotic
hand.

Appendix A

A.1

Derivation of damping factor for the s-IPC

In Chapter 4, only the stiffness behaviour has been derived for the s-IPC controller. By
adding damping terms it is possible to shape the transient behaviour based on the desired
stiffness and the inertial properties of the hand-object system.
Let Dx be the damping matrix for the generalized coordinates x as defined in eq.
(4.8). Then it is possible to define
T
D(θ ) = Jtot
Dx Jtot .

(A.1)

In order to assign the desired behaviour to the closed-loop system we use the corresponding stiffness matrix Kx = blockdiag{KO,t , KO,r , KConn }, the joint-level inertia matrix of
the hand M(θ ) and the inertia matrix of the object MO ∈ R6×6 .
The kinetic energy of the hand-object system can be written as
1
1 T T
E = θ̇ T M(θ )θ̇ + [xO
, ωO,0 ]MO [xO , ωO,0 ]T .
2
2

(A.2)

Mapping the joint-level inertia matrix onto the generalized coordinates gives
T −1
) .
MH,x (θ ) = (Jtot M(θ )−1 Jtot

(A.3)

Extending the second addend in (A.2) to generalized coordinates and factorizing x out,
we can identify an inertia matrix related to generalized coordinates as
Mx (θ ) = MH,x (θ ) + [I6×6 0n×6 ]T MO [I6×6 0n×6 ].

(A.4)

In the considered case the diagonal elements within the inertia matrix Mx (θ ) are
dominating, so that only those values are considered for the damping design. With
this consideration we do not need to calculate the complete Mx (θ ), but we can look at
T )}})−1 avoiding the inversion of a dense (6 + n) × (6 + n)
(diag{diag{(Jtot M(θ )−1 Jtot
matrix. The diagonal elements of Dx are chosen as
q
Dx,ii (θ ) = 2ξ Mx,ii (θ )Kx,ii
(A.5)
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where ξi ∈ [0, 1] represents the desired damping factor corresponding to the coordinate
xi . For each generalized coordinate the damping is limited to a maximum value.
Note that only six task coordinates for the object motion and, for a four-fingered
hand, four independent coordinates w.r.t. internal forces are defined. In the case of a
hand with four fingers, each with three DOF, there remains a null space of degree 2.
This poses no problem since no torques will be generated in this null space by the s-IPC.
It can be used to avoid joint limits.
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