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a b s t r a c t
Planar catadioptric vision sensors consist of a pinhole camera observing a scene being reﬂected on two
(or more) planar mirrors. These systems have recently received an increasing attention because, unlike
stereo cameras, can capture two views of the same scene without the need of hardware multi-camera
synchronization and calibration. In this paper we explore the original scenario in which a robot manipulator, equipped with a pinhole camera on its end-effector, observes an unknown 3-D scene both directly
and reﬂected through multiple mirrors. We present new multiple-view properties for this scenario and,
based on these theoretical results, we present new image-based camera localization and new 3-D scene
reconstruction algorithms. Extensive simulation and real-data experiments illustrate the theory and
show the effectiveness of the proposed designs.
Ó 2011 Elsevier Ltd. All rights reserved.

1. Introduction
Cameras are employed nowadays in a wide range of applications, such as, e.g., entertainment [1], augmented reality [2],
vision-based robot localization and mapping [3,4] and visual
servoing [5–7]. Stereo camera systems have received a growing
attention by the computer-vision and robotic communities: in fact,
the fusion of the information from a stereo-camera pair allows to
easily compute the distance from the camera/robot to the observed
3-D scene [8,9], which is a paramount parameter in most of the
visual servoing and localization algorithms.
However, standard stereo sensors are known to suffer from several limitations: they are generally expensive, difﬁcult to calibrate,
they require exact synchronization between the two cameras and
have a narrow ﬁeld-of-view (FOV). To alleviate this last issue, several works have recently proposed the use of catadioptric vision
sensors [10–12], which combine refracting (lenses) and reﬂecting
(convex mirrors) elements, thus enlarging the FOV with respect
to classical pinhole cameras. To overcome most of the drawbacks
mentioned above, some authors have also introduced vision sensors composed of a single perspective camera that observes the
reﬂections of a scene through two (or more) rigidly-attached planar
mirrors (see [13–18] and the references therein); these planar catadioptric vision sensors are attractive because they are equivalent to
a stereo camera, they do not require any additional hardware for
exact camera synchronization [19], and they only need a single
set of internal camera calibration parameters. Although promising
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for real-time robotic applications, planar catadioptric systems have
found limited application because of their large size. In addition,
they are characterized by a reduced FOV because the two mirrors
and the camera are rigidly attached to the same support.
In this paper we are interested in the more general scenario in
which a pinhole camera is mounted on the end-effector of a robot
manipulator, and observes a 3-D scene both directly and through
its reﬂections on two (or more) planar mirrors (see Fig. 1). These
mirror reﬂections are like additional views taken from different
vantage points, which then create a (synchronous) reﬂective multiple-view framework. This setup ﬁnds promising applications in
industrial visual servoing, in camera localization and 3-D scene
understanding. Here, the features extracted from the additional
mirror reﬂections can be exploited to improve the knowledge
about the camera pose and the observed scene.
The idea of using non-rigid camera-mirror arrangements (i.e., a
freely-moving camera in front of a static mirror, or viceversa) is
rather recent. To the best of our knowledge, it was ﬁrst adopted
in [20] for 3-D reconstruction of cultural heritage models. Since
then, a signiﬁcant stream of literature emerged regarding the
problem of 3-D shape reconstruction from silhouettes; in
[21,22], the authors present a shape-from-silhouette 3-D reconstruction algorithm that uses multiple mirrors reﬂections. Along
these same lines, [23] presents new geometric properties of multiple reﬂections of an object and uses them to design two mirrorcalibration algorithms invariant to the location of the real object.
However, these algorithms require many views (respectively 5
and 7) of the same object. The problems of camera-mirror relative-pose estimation and 3-D reconstruction based on visual hulls
[22], are also addressed by the authors using their new geometric
constraints.
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This paper is the outgrowth of [28,29] compared to which we
provide herein a more reﬁned and comprehensive theory, new
results on 3-D scene reconstruction via model merging, and a more
extensive and accurate experimental validation using both
synthetic and real data.
The rest of the paper is organized as follows: Section 2 reviews
the basic theory on perspective projection through a single planar
mirror, and introduces the notion of reﬂective epipolar geometry.
Section 3 deals with the multiple-mirror case for the static and
moving camera scenarios, and presents the related single and
multiple-view geometry. Sections 4 and 5 are concerned with the
image-based camera/robot localization and 3-D scene reconstruction problems, respectively. Simulation and experimental results
are discussed in Section 6. Finally, in Section 7, conclusions are
drawn and possible avenues for future research are highlighted.
Fig. 1. The proposed planar catadioptric system consists of a pinhole camera
mounted on the end-effector of a manipulator (eye-in-hand conﬁguration) observing an object and its reﬂections onto two planar mirrors.

Regarding camera localization, the authors in [24], have
considered a monocular camera mounted on a mobile robot
and described a method that uses planar mirror reﬂections for
estimating the rigid transformation between the camera and
the robot-body reference frames. By tracking image points from
a partially known 3-D model, while moving the robot in front of
a mirror, the authors use iterative Maximum-Likelihood estimation techniques to determine the intrinsic body-transformation.
Recently, in [25] the authors have considered the problem of
estimating the pose (i.e., translation direction and orientation)
of a static camera, by assuming a known rigid-body motion
between the virtual views induced by the planar mirror reﬂections, as well as a known pose of the observed object. This problem is shown to be solvable in closed-form via a system of linear
equations by using a minimum of three virtual views. Building
upon this result, the authors have proposed a new robust algorithm that outperforms the estimation approaches introduced
in [26,27].
In this work we investigate the single and multiple-view imaging properties of the proposed reﬂective multi-view system: these
properties have been addressed in the literature only sparsely, and
mostly for the case of rigid camera/mirror arrangements. Differently from previous approaches, we do not assume any a priori
knowledge about the camera pose or the 3-D scene, and exploit
such theoretical results to design new camera-pose and 3-D
scene-reconstruction algorithms that are crucial for the correct
operation of any vision-based navigation and localization system.
In particular, the original contributions of the paper are summarized as follows:
 We provide a general analytical treatment of the imaging geometry of sensors composed of a pinhole camera and of one (or
more) planar mirrors. In addition, we introduce new multipleview geometric properties for the case of static and moving cameras (see Sections 2.3 and 3.2, respectively).
 On the grounds of these theoretical results, we address the
image-based camera localization and 3-D scene reconstruction
problems (see Sections 4 and 5, respectively). In particular, we
show how to compute the pose of a moving camera with
respect to the mirrors and how to exploit only two mirror reﬂections of a scene to enhance the image-based 3-D object
reconstruction.
 Extensive simulation and real-data experiments conducted
with an eye-in-hand robot are presented in order to illustrate
the theory and show the effectiveness of the proposed designs
in the real world.

2. Single mirror: perspective projection and epipolar geometry
In this section we present a brief review of the image properties
of catadioptric systems with a single planar mirror [18]. In particular, we describe the notions of virtual point and virtual camera projection equivalence, that are instrumental in introducing the
reﬂective epipolar geometry in Section 2.3.
2.1. Reﬂective perspective projection
Let us consider the setup reported in Fig. 2 where a perspective
camera hci is in front of a planar mirror Pk uniquely characterized
by its normal vector nk and distance dk with respect to hci. In what
follows, we will use the index k to indicate that the 3-D scene is
reﬂected through the kth mirror.
A 3-D point X , [x y z]T (expressed in hci) is assumed to be in
e indicates its extension in homogefront of the mirror as well ð X
neous coordinates). For the sake of clearness, we henceforth refer
to the simpliﬁed setup in Fig. 2: however, the results presented
in this section are valid for generic 3-D camera/mirror arrangements. Note that the perspective image u[k] (pixels) of X after its
reﬂection by Pk, can be calculated as the direct projection on hci
of the so-called virtual point X[k].
Proposition 1 (Reﬂective perspective projection). Consider the setup
~ ½k (pixels) of the reﬂection of a
in Fig. 2. The perspective projection u
generic 3-D point X onto the mirror Pk, is given by

Fig. 2. Reﬂection through the planar mirror Pk. X[k] is called the virtual point.
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e
~ ½k ¼ K½I 0 D½k X
kk u

with kk 2 Rþ :

ð1Þ

K is the camera calibration matrix, I is the 3  3 identity matrix and
D[k] is the reﬂection transformation about Pk, deﬁned as

"
½k

D

¼

S½k

2dk nk

0T

1

#
ð2Þ

;

Proof. See Appendix A.

h

Note that

"
ðD Þ

¼
¼

ðS½k Þ1

2dk ðS½k Þ1 nk

0T
"
S½k

1

0T

#

2dk ðI  2nk nTk Þnk
1

2.3. Reﬂective epipolar geometry
In this section we describe the multi-view geometry relating
the cameras hci and hv[k]i: this is functional to the presentation of
our image-based camera localization and the 3-D scene reconstruction algorithms in Sections 4 and 5, respectively. Our viewpoint herein is different from that in [18, Section 3.2] and [16,
Section 4], where the focus is on the epipolar geometry of two-mirror planar catadioptric sensors.

where S½k ¼ I  2nk nTk .

½k 1

Proposition 2 states that the perspective projection u[k] of X[k]
coincides with the perspective projection uv of Xv. In other words,
the projection on hci of the reﬂected point corresponds to the projection on hv[k]i of the real point.

Proposition 3 (Reﬂective epipolar constraint). Let us consider the
setup in Fig. 4 and let (nk, dk) be the parameters of the mirror Pk
~; u
~ ½k be the homogeneous coordinates of the
expressed in hci. Let u
projection of a 3-D point on the image planes of hci and hv[k]i,
respectively. Then, the reﬂective epipolar constraint is given by

#
¼ D½k ;

(i.e., D[k] is involutory [30]), since the Householder matrix S[k] is
orthogonal and symmetric.

~ ½k ÞT F½k u
~ ¼ 0;
ðu
where

2.2. The virtual camera and the reﬂective projection equivalence

F½k , KT E½k K1 ;

Analogously to the concept of virtual point X[k] presented in
Proposition 1, we introduce herein the intuitive notion of virtual
camera hv[k]i (dashed in Fig. 3), whose reference frame is simply
reﬂected with respect to hci about the mirror Pk (the real camera
is right-handed, while the virtual camera is left-handed).
The proof of the next proposition follows directly from the
observation that,

is the reﬂective fundamental matrix and

X

½k

¼ Xv ;

ð3Þ

where Xv is the 3-D point X expressed in hv[k]i.
Proposition 2 (Reﬂective projection equivalence). Let us consider the
setup in Fig. 3 and let u[k] be the perspective projection on hci of a 3-D
point X[k]. Then,

E½k ¼ 2dk ½nk  ;

ð4Þ

is the reﬂective essential matrix, being [nk] the skew-symmetric matrix associated with the vector nk.
Proof. See Appendix B.

h

Note the following points:
 The matrix F[k] is skew-symmetric: in fact,

F½k þ ðF½k ÞT ¼ 2dk ðKT ½nk  K1 
KT ½nk  K1 Þ ¼ 0:

being uv the perspective projection of Xv onto the image plane of the
virtual camera hv [k]i.

As a consequence, the left and right null-spaces of F[k] are equal.
~ and e
~k are identical, and that the epiThis means that the epipoles e
polar lines in the real and virtual views coincide (see Fig. 4). As a
~ can be regarded as a vanishing point,
consequence, the epipole e

Fig. 3. The virtual camera hv[k]i.

Fig. 4. Reﬂective epipolar geometry.

u½k ¼ uv ;
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obtained by intersecting the lines joining the real and the virtual
image points.
 For a given E[k], the vector nk can be readily recovered: in fact, it
belongs to the right (left) null-space of E[k].
 Note that, similarly to the essential matrix relating two real
cameras undergoing a pure translational motion, the reﬂective
essential matrix E[k] depends only on the translational vector
2dknk between hci and hv[k]i.
Remark 1 (Estimation of F[k]). Since F[k] has only 2 degrees of free~), at least 2 pairs
dom (that correspond to the position of the epipole e
of corresponding points are necessary to estimate F[k]. Let us given a
h
iT
½k
½k
~ ½k
set of n P 2 pairs of matching points u
and
i ¼ ui v i 1
~ i ¼ ½ui
u

v i 1T ; i 2 f1; 2; . . . ; ng, satisfying the epipolar constraint,

 T
~ ½k
~ i ¼ 0:
F½k u
u
i

½1 ½2
H½21
v ,D D ¼

ð5Þ

Eq. (5) can be rewritten as,

Af

½k

¼ 0;

ð6Þ
[k]

[k]

geometry relating hci with hv[1]i and hv[2]i can be deﬁned [34]. This
will be useful in Section 3.2 for the case of a moving camera, as
well as for the image-based localization and 3-D reconstruction
problems presented in Sections 4 and 5. The generalization to multiple mirrors is straightforward and willbe not discussed
herein.

½1
½2
Suppose given a set of image points ui ; ui ; i 2 f1; 2; . . . ; ng
in hci, projections of n P 8 points Xi reﬂected onto the two mirrors
n1 and n2, respectively. Note that, while the subscript i is the point
index, the superscript inside the brackets refers to the mirror number through which that point is reﬂected. Given the two-mirror
setup in Fig. 5, let D[1] and D[2] be the corresponding reﬂection
transformations as from (2). Then the homogeneous transformation matrix representing the rigid-body motion between hv[2]i
and hv[1]i is given by [34]:

n3

and the iith row of A 2 R
is given by
hwhere [f ] = F
½k
½k
; i 2 f1; 2; . . . ; ng. The least-squares
v i  v i½k ; u½k
i  ui ; ui v i  v i ui
solution of (6) can be computed analytically: in fact, the vector
f[k] that minimizes kAf[k]k subject to the constraint kf[k]k = 1, is the
unit eigenvector of ATA corresponding to its smallest eigenvalue
[31]. As known, f[k] can be easily determined using the algorithm
of Jacobi or the singular value decomposition [32,33].

3. Two mirrors: multiple-view geometry for static and moving
cameras
In this section, we present the multi-view geometry relating
images taken by a (either static or moving) camera hci and by the
scene reﬂections onto two mirrors (see Fig. 5). Note that this geometry, differently from the standard epipolar geometry, exists also in
the singular case in which the camera hci undergoes a pure rotational motion.
3.1. Static camera
Let us suppose that a static camera hci observes a set of 3-D
points through two mirrors with normal vectors n1 and n2
displaced of an angle h 2 (0, p/2) (see Fig. 5). In this case, two
corresponding virtual cameras hv[1]i and hv[2]i exist, and a suitable



R
0T


t
;
1

ð7Þ

with



R , I þ 4 nT2 n1 n2 nT1  2n2 nT2  2n1 nT1 ;


t , 2d2 n2  2 d2 nT2 n1 þ d1 n1 :
Note that (R, t) only depends on the mirror parameters (i.e., n1, n2
and d1, d2).
½1
½2
By virtue of Proposition 2, the points ui and ui (see the dashed
inset for hci in Fig. 5) are corresponding. This implies the existence of
T ½21 ½1
~ i ¼ 0.
~ ½2
an epipolar geometry relating hv[1]i to hv[2]i, i.e., ðu
u
i Þ F
Note that this is different from (5), in which the epipolar constraint
related the virtual and the real camera. F[21] is the fundamental matrix from which we can compute both the epipoles e[12] and e[21]
(belonging to the right and left null-spaces of F[21]) and the epipolar
lines. Moreover, for a given camera calibration matrix K, it is possible to compute the essential matrix E[21] = [t]R from F[21], where
(R, t) is the rigid body motion between hv[1]i and hv[2]i. Once E[21]
is known, a decomposition can be carried out to extract the rotation
matrix R and the scaled vector t [31].
Fig. 6 reports a sample image from our experimental setup
showing the epipolar lines (white) in the real and the virtual views,
relative to corresponding pairs of points. In particular, Fig. 6a depicts the epipolar lines between the virtual views hv[1]i and hv[2]i:
as shown in [18], all the corresponding epipolar lines intersect at
the image projection m of the mirrors’ screw-axis (i.e., the 3-D line
of intersection between the mirrors). Finally, Fig. 6b and c show the
epipolar lines between hv[1]i–hci and hv[2]i–hci, respectively.
3.2. Moving camera
In this section we assume that the camera, rigidly mounted on
the end-effector of a robot manipulator, moves from hc1i to hc2i
(see Fig. 7). The relative pose between hc1i and hc2i is supposed
to be unknown and described by the homogeneous transformation
matrix HR , Hcc21 . Its knowledge (or parts of it, e.g., the rotational
component), is crucial for any visual servoing algorithm and to
solve any localization problem. Standard visual-servo approaches
make use of the essential-matrix decomposition and might fail in
the case of small-baseline between hc1i and hc2i: we will present
here a novel multi-view geometric constraint that is never ill-conditioned since it exploits the relative pose between the two virtual
cameras (whose baseline is never zero).
½2
Proposition 4 (Moving-camera constraint). Let D½1
c1 and Dc1 denote
the reﬂection transformations about the two mirrors, written in hc1i.
Then the following equation holds true,
1 ½1 ½2
H½21
v 2 ¼ HR Dc1 Dc1 HR ;

ð8Þ

½21

Fig. 5. The camera hci and the virtual cameras hv[1]i and hv[2]i.

where Hv 2 is the homogeneous transformation matrix relating the vir½1
½2
tual views hv 2 i and hv 2 i.
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Fig. 6. Epipolar lines (white) on a sample image: (a) between hv[1]i and hv[2]i; (b) between hv[1]i and hci; (c) between hv[2]i and hci.

that is a rotational Sylvester equation in the unknown Rcc21 . An
in-depth analysis of the one-parameter solution space of this
equation has been conducted in [9, Lemma 10.18]. However, such
a detailed study is beyond the scope of this paper.

4. Mirror calibration and image-based camera localization
4.1. Mirror calibration
In this section we present a mirror calibration algorithm that
computes the angle h between the mirrors (c.f., Fig. 5). This is
instrumental for solving the image-based camera localization
problem (i.e., the computation of the camera pose with respect
to a given world reference frame).
Let us consider the setup in Fig. 5 and assume that at least n P 2
points are directly observed by the camera hci at ui, i 2 {1, 2, . . . , n}.
½1
Let us also assume that the same set of points is reﬂected at ui and
½2
ui (white dots) by the mirrors n1 and n2, respectively. In this case,
two reﬂective fundamental matrices F[1] and F[2] exist
 and can
 be
½1
and
estimated

 from the corresponding matching pairs ui ; ui
½2
ui ; ui , using the result of Proposition 2. From F[1] and F[2], we
can then compute the epipoles e1 and e2 (black dots in Fig. 5) as
their right null-spaces. Let us deﬁne the unit vector,

Fig. 7. Multiple-view geometry for the moving-camera scenario.

Proof. From (7) we have that,
½1 ½2
H½21
v 1 ¼ Dc1 Dc1 :

ð9Þ

By pre- and post-multiplying (9) by H1
and HR, respectively, we
R
obtain,
½21
1 ½1 ½2
H1
R Hv 1 HR ¼ HR Dc1 Dc1 HR :

ð10Þ

From Fig. 7, we observe that the rigid motion between the cameras
hc1i and hc2i is equal to the rigid motion H½1
v 21 between the virtual
½1
½1
cameras hv 1 i and hv 2 i in the ﬁrst mirror, and to H½2
v 21 between
½2
½2
the virtual cameras hv 1 i and hv 2 i in the second mirror: therefore,
the following equalities hold true,
½2
HR ¼ H½1
v 21 ¼ Hv 21 :

ð11Þ

Analogously, from Fig. 7 we observe that,
½2
½1
½21
H½21
v 1 Hv 21 ¼ Hv 21 Hv 2 :

ð12Þ

The left-hand side of Eq. (10) can then be rewritten as,


1

1
ð11Þ
½21
½2 ð12Þ
½1
½21
½21
H1
H½1
H½21
H½1
v 21
v 1 Hv 21 ¼ Hv 21
v 21 Hv 2 ¼ Hv 2 ;
R Hv 1 HR ¼
from which (8) follows.

h

~j
K1 e
;
1
~j k
kK e

j 2 f1; 2g:

j is always parallel to the normal
Since the direction of each vector e
nj, j 2 {1, 2}, then the angle h between the mirrors will be given by,

 T 
1 e
2 :
h ¼ arccos e

ð14Þ

4.2. Camera localization
This section

deals with the analytical computation of the rigid
motion Rcw ; tcw between the camera hci and a world frame hwi.
Iterative methods can then be used to reﬁne this analytical pose
estimate. In the interest of simplicity, we will assume that the
z-axis of hwi coincides with the mirrors screw-axis, and that the
x-axis lies on the mirror n1.
Although the orientation of hwi is ﬁxed, it can lie everywhere
along the mirrors’ screw-axis (see, e.g., Fig. 8). This means that it
 
is only possible to compute the projection } tcw 2 R2 of the translational vector tcw onto the plane C, deﬁned by the focal centers of
the cameras hci, hv[1]i and hv[2]i.


Proposition 5 (Rcw computation). For every rigid motion Rcw ; tcw ,
the following equality holds,

Remark 2. The rotational component of (8) is given by,

 T
c2
c2
R½21
v 2 ¼ R c1 R R c1 ;

j ,
e

ð13Þ

 1 z T ;
Rcw ¼ ½x e

ð15Þ
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Fig. 8. The vector } tcw is the projection of tcw onto the plane C.

where

1  e
2 ;
z,e

 
 tcw using the epipolar lines and the plane R.
Fig. 9. Computation of }

1  z:
x,e

where
Proof. By hypothesis, the x-axis of hwi lies on the mirror n1. Since
the z-axis of hwi lies along the mirrors’ screw-axis, then for every
1 .
pose of hci the world’s y-axis (expressed in hci) corresponds to e
Then the following expression holds,
T

½0 1 0 ¼

1 :
Rcw e

ð16Þ

(i) (Screw-axis)

^ , ½a
^ð1Þ a
^ð2ÞT ;
a

Moreover, for any pose of hci, the plane C (see Fig. 8) has normal
vector (in hci) given by

^¼
a

1  e
2 ;
z,e

ð20Þ

^ , Rz ðp=2ÞnR ; nR ð1Þ > 0, or alternatively,
with a
(ii) (Sylvester equation)





T
^ð2Þ a
^ð1Þ 1  n22 ð2Þ þ n2 ð1Þn2 ð2Þa
^ð1Þn2 ð2Þ
^ð2Þn2 ð1Þ  a
a
;
2n2 ð1Þ
2n22 ð1Þ
ð21Þ

and thus

1  e
2 Þ:
½0 0 1T ¼ Rcw ðe

ð17Þ

The world’s x-axis can be easily written in hci as the cross-product
1  z, thus implying
x,e

½1 0 0T ¼ Rcw x:

ð18Þ

Collecting (16)–(18) together, we ﬁnally obtain:

1 z;
I ¼ Rcw ½x e
from which (15) follows.

h

Note that, in absence of noise on the image points, (15) provides
the exact Rcw . In the case of noisy image data, the estimated Rcw will
not be, in general, a rotation matrix. To impose this constraint, the
correct rotation matrix can be estimated as UVT, where the matrices U and V are obtained from the singular value decomposition of
the initial estimate of Rcw .
Proposition 6 presents two methods to estimate the direction of
 
  }ðtc Þ
 tcw , k} twc k. The ﬁrst one uses the fundavector } tcw , deﬁned as }
ð wÞ
mental matrix F[12] between the virtual cameras hv[1]i–hv[2]i, while
the second exploits the homogeneous transformation between the
virtual cameras examined in Proposition 4. Let R be the plane with
normal nR deﬁned by the mirrors screw-axis and the camera center hci (see Fig. 9), and let Rz(c) denote a rotation about the z-axis
by an angle c.
 
 tcw ). The direction of the vector
Proposition
6 (Computation of }
 c
} tw 2 R2 is given by,

 
^
a
 tcw ¼
;
}
^k
ka

ð19Þ

Rcw t,

^¼
with a
where n2 is the normal vector to the second mirror
(expressed in hwi) and t is as in (7). It is here assumed that n2(1) – 0.
Proof. Let us start by proving part (i) of the statement. The two
 
vectors tcw and } tcw both lie on the plane R with normal vector
nR = [nR(1) nR(2) 0]T in hwi (see Fig. 8). As pointed out at the
end of Section 3.1, all the epipolar lines (computed from the fundamental matrix F[12]) intersect at a single image line m, projection of
the screw-axis. This implies that nR ¼ Rcw ðKT mÞ, where KTm is the
normal vector to R in hci. Since nR ? } tcw (see Fig. 9), it is then
sufﬁcient to rotate nR of p/2 about the z-axis in order to obtain
tc
w in (20).
To prove part (ii), we will use the results described in the
moving camera scenario (Proposition 4). If we assume that the
camera hc1i of Fig. 7 is aligned with the frame hwi (on the mirror
n1), then (8) can be written as:
½2 ½1 c
Hcw H½21
v ¼ Dw Dw Hw ;

ð22Þ
Rcw tvv 12

tcw

½1 c
S½2
w Sw tw .

from which we have that
þ ¼
We suppose here
½2
c
that D½1
w and Dw are estimated using (14), while Rw has been comc
puted as detailed in Proposition 5. Collecting tw on the left-hand


½1
c v1
c
side of the equation, we get I  S½2
w Sw tw ¼ Rw tv 2 , that is,

2

3
2n2 ð1Þn2 ð2Þ 0


6
7
c
0 5tcw ¼ Rw t:
4 2n2 ð1Þn2 ð2Þ 2 1  n22 ð2Þ
0
0
0
2n22 ð1Þ

ð23Þ

Note that, due to the linearity of (23) in the unknown vector tcw , the
^ in
above expression allows to compute the (unit-norm) projection a
(21), independently of the norm of t, which is unknown in our
image-based scenario. h
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where k1 is a positive scale factor (see Fig. 10d). Note that in the
presence of noise, besides the scale factor k1, also a translational
and a rotational displacement (t1, R1) will exist between the two
sets of corresponding 3-D points. In this case, the absolute orientab ½1 and X
b ½2 can be determined by using the algotion between X
i
i
rithms proposed in [35,36] or the algorithms derived from [37]
with n P 3 pairs of corresponding points.
b ½1 is the reﬂection matrix estimated from
Let us suppose that D
[1]
hci and hv i, with the unit translation vector recovered up to a
scale factor,

5. 3-D scene reconstruction via model merging
In this section we address the problem of image-based 3-D
reconstruction of a scene reﬂected by multiple planar mirrors. As
discussed in Section 3, a single calibrated image of the scene and
of its reﬂections, on (at least) one mirror, is sufﬁcient for the 3-D
reconstruction. However, by merging the 3-D models obtained
from each pair of views, we can obtain a more dense and accurate
reconstruction of the scene. In the interest of simplicity, we henceforth consider the case of two planar mirrors; our results, however,
can be easily extended to case of multiple mirror reﬂections.
b ½1 ; X
b ½2 ; i 2 f1; 2; . . . ; ng; n P 2, be a set of corresponding
Let X
i
i
3-D points expressed in hci and reconstructed from the matching




½1
½2
pairs ui ; ui
and ui ; ui
using the reﬂective epipolar geometry

"
b ½1 ¼
D

b
S ½1
0

T

^1
n

#

1

;

^1 ¼
n

~1
K1 e
;
~1 k
kK1 e

ð25Þ

b ½2 are expressed in hci and
b ½1 and X
(see Fig. 10a and b). Since both X
i
i
because of the up-to-scale reconstruction ambiguity, these points
are related by

~1 is the estimated epipole between the two views. Let now
where e
b ½12 be the set of 3-D points expressed in hv1i (see Fig. 10c) obtained
X


i
½1
½2
using standard reconstruction
from the matching pair ui ; ui
algorithms [31]. Since hv[1]i and hci are related through the estib ½1 (cf. Proposition 1), then,
mated reﬂection matrix D

b ½1 ¼ k1 X
b ½2 ;
X
i
i

e ½1 ¼ H2 D
b ½1 X
e ½12 ;
X
i
i

ð24Þ

(a)

(d)

(b)

(e)

ð26Þ

(c)

(f)

Fig. 10. 3-D reconstruction via model-merging: portion of the scene seen from: (a) views hci and hv[2]i, (b) views hci and hv[1]i, (c) views hv[1]i and hv[2]i; (d), (e) 3-D models
reconstructed from each pair of views; (f) ﬁnal 3-D model after the merging and scaling processes.
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where




k2 I t2
H2 ¼
;
0T 1
and k2, t2 are, respectively, a positive scale factor and the translational displacement (see Fig. 10e).
b ½12 (supposing that the absoAn alternative way to compute X
i
½1
b and X
b ½2 is known), is to use the
lute orientation between X
i

i

b ½2 (see Fig. 10f), where (cf.
b ½1 ; D
estimated reﬂection matrices D

Eq. (25)),

"
b ½2 ¼
D


b
S ½2

^2
k1 n

0T

1

#
:

In this way, by deﬁnition, the estimated homogeneous matrix
between the virtual cameras is given by,

b ½21 ¼ D
b ½2 :
b ½1 D
H
v


ð27Þ

b ½1 ; X
b ½2 and X
b ½12
Finally, once the absolute orientation between X
i
i
i
has been recovered, the common points in the 3-D models relative
to each pair of views are replaced by the corresponding centroids.
Note that this step is necessary since the merged points will not exactly coincide because of the image noise.
The current version of the proposed reconstruction method uses
an elementary merging process that, however, proved to be fairly
accurate and suitable for real-time implementation. More automatic strategies for 3-D point clouds registration have been proposed in the literature (see, e.g., [38] and the references therein),
and they will be considered in future implementations of our
method.
Table 1 summarizes the main steps of the proposed 3-D reconstruction process. Two illustrative examples are reported in
Section 6.2 (see Fig. 15).
Remark 3. Without loss of generality in this section we have
assumed that the reference pair of views is {hci, hv[1]i} (cf. (24),
(26)). Analogous results hold when the pair {hci, hv[2]i} is chosen as
reference view.

6. Simulation and experimental results
6.1. Simulations
Simulation experiments have been conducted with the Epipolar
Geometry Toolbox [39], in order to validate the proposed methods.
The setup is composed of a pinhole camera with calibration matrix,

2

600:940 0

319:173

0

1

6
K ¼ 40

3

7
603:134 292:997 5;
0

and two planar mirrors with normal vectors in hci, n1 = [sin (5°) 0
cos (5°)]T, n2 = [sin (50°) 0 cos (50°)]T, corresponding to an
Table 1
3-D reconstruction via model merging.


b ½1 from the matching pair ui ; u½1
1. Compute X
i
i


b ½2 from the matching pair ui ; u½2
2. Compute X
i
i
b using (24)
b and X
3. Estimate the absolute orientation between X
i
i


b ½12 from the matching pair u½1 ; u½2 (or alternatively use (27))
4. Compute X
i
i
i
½1

½2

b ½12
b ½1 and X
5. Estimate the absolute orientation between X
i
i
½1
½2
½12
b ;X
b ;X
b
6. Merge X
and replace the common points in the 3-D models
i
i
i
relative to each pair of views, with the corresponding centroids

angular displacement h = 55°. The image size is 640  480 pixels.
The camera hci observes a total of 20 random points.
For the sake of simplicity, we will assume that the initial correspondence matching is exact, then followed by a feature-tracking
phase (in which, e.g., the KLT tracker [40] is used). In order to solve
the correspondence problem in practice, one might use SIFT [41]
on the whole image (in which a direct and two reﬂected scenes
are present) and, in a second phase, assign the points to each mirror which has been uniquely identiﬁed by a colored landmark.
In what follows, we present the results relative to the mirror
calibration and the image-based localization algorithms presented
in Section 4.1 and Proposition
We selected the fol 5, respectively.

lowing rigid-body motion Rcw ; tcw between the camera frame and
the world frame,

Rcw ¼ Rz ð0 ÞRy ð5 ÞRx ð0 Þ;
tcw ¼ ½0:6  2  0:2T ;
where the distances are in meters. We ran 200 iterations of the proposed algorithms for increasing values of the image-noise standard
deviation. Fig. 11a reports the mirror angle estimation error j^
h  hj,
while Fig. 11b shows the estimation error on Rcw computed as the
roll-pitch-yaw angle error (in both the cases, two corresponding
points per mirror have been considered). Our methods exhibited a
good robustness to noisy data, with a maximum mean error around
1° and 0.5°, respectively. Finally, Fig. 11c reports a comparison of
the translation direction error,





 
 
 
e ^tcw ¼ } ^tcw  } tcw ;
when using the two methods in Proposition 6: (i) screw-axis and (ii)
Sylvester equation. Eight corresponding points per mirror were used.
The obtained results show that the maximum mean error is around
4 cm for the ﬁrst method and 8 cm for the second.
6.2. Experiments
In order to test the accuracy of the proposed methods in real
scenarios, we performed a series of experiments using the setup
shown in Fig. 1, where a LumeneraÒ LU071C camera, mounted
on the end-effector of a 6 DOF KUKAÒ KR 3 manipulator, observes
a structured 3-D scene, both directly and reﬂected through two
planar mirrors1. The intrinsic camera calibration matrix K has been
estimated with the Camera Calibration Toolbox [42] and it is the same
as in the simulations. We exploited the high positioning accuracy of
the KR 3 manipulator in order to have precise ground truth reference
measurements of the position and orientation of the camera. The
motion of the robot has been controlled in MATLAB, using the KUKA
Control Toolbox (KCT) [43]. Fig. 12 reports the 3-D trajectory of the
camera with respect to the planar mirrors, considered in the experiments. The horizontal displacement of the camera is about 40 cm
and its height over the plane of the observed 3-D scene, ranges from
35 to 45 cm. A stream of images was acquired along the camera trajectory and processed on-line frame by frame. Due to the different
acquisition time of the Lumenera camera (15.5 fps at 640  480 pixels, subsampled by 2) and the KUKA robot (a waypoint stored every
30 ms), we needed to synchronize the two systems by raising the
sampling time of the robot.
Fig. 13a–c report the time history of the estimated (solid) and
c
actual (dash) roll-pitch-yaw
 c  angles of Rw . Fig. 14a shows the trans^
lation direction error e tw along the 3-D trajectory. The proposed
methods exhibited a reduced sensitivity to noise: in fact, the maximum roll-pitch-yaw angle errors are respectively 2.7°, 1.2°, 1.5°
1
Videos of the experiments are available at: http://sirslab.dii.unisi.it/research/
vision/pcs/ Video 1 shows the 3-D camera motion; Video 2 shows the tracking of the
features and the epipolar lines between hv[1]i, hci (red) and hv[2]i, hci (green).
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(a)

(b)

(c)

 
Fig. 11. Simulations: (a) estimation error j^
h  hj on the mirror angle; (b) estimation error on Rcw computed as the roll-pitch-yaw angle error; (c) translation direction error e ^tcw .
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Fig. 12. Experiments: 3-D camera trajectory.

10
8

Estim. Roll
Roll

Estim. Pitch
Pitch

10

6

0
−2

5

[deg.]

2

[deg.]

[deg.]

4

0

−4
−5

−6
−8
−10
0

20

30

40

50

60

Estim. Yaw
Yaw

0

10

20

30

40

50

60

time [sec.]

−10
10

−15
−20
−25
−30
−35
−40
−45

0

10

20

30

40

time [sec.]

time [sec.]

(a)

(b)

50

60

(c)

Fig. 13. Experiments: (a)–(c) Time history of the estimated (solid) and actual (dash) roll-pitch-yaw angles of Rcw .
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Fig. 14. Experiments: (a) time history of the translation direction error
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e ^tcw ; (b) time history of the estimated (solid) and actual (dash) mirror angle h.

and the maximum translation direction error (Sylvester equation)
is about 8 cm.
Fig. 14b shows the time history of the estimated mirror angle b
h
(solid) along the 3-D trajectory of the camera (the angle h = 30°). In
this case, the maximum error is about 2.5°.
Fig. 15 reports two scenes of increasing complexity that we
chose to assess the robustness of the 3-D reconstruction method
proposed in Section 5. The fundamental matrices F[1] and F[2] have
been computed using 3 pairs of corresponding points (recall from

Remark 1, that at least 2 pairs of corresponding points are necessary for the estimation), and the epipolar geometry between
hv[1]i–hv[2]i has been estimated using (27) in order to reduce the
computational load. The absolute orientation between each pair
of points has been computed using 5 correspondences and the
3-D models relative to each pair of views have been reconstructed
using the linear triangulation algorithm.
In Fig. 15a, the 3-D scene is reﬂected by the two mirrors. A total
number of 20 corresponding points is observed by all the three

(a)

(b)

(c)

(d)

(e)

(f)

Fig. 15. 3-D reconstruction via model merging: (a), (d) scenes reﬂected by mirrors n1, n2, (the epipolar lines between hci, hv[1]i and hci, hv[2]i are white); (b), (e) textured
3-D models reconstructed from each pair of views: top left hci–hv[2]i, top right hci–hv[1]i, bottom hv[1]i–hv[2]i; (c), (f) textured 3-D models after the merging and scaling
process (in (f), both sides of the toy car are shown).
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views. However, only 4 points are visible both from hci and hv[2]i,
while 1 point is visible only from hv[1]i and hv[2]i. The images
reported in Fig. 15b show the 3-D models reconstructed from each
pair of views: hci–hv[2]i with 20 + 4 points (Fig. 15b, top left); hci–
hv[1]i with 20 points (Fig. 15b, top right); hv[1] i–hv[2]i with 20 + 1
points (Fig. 15b, bottom). The 3-D model containing all the points
(i.e., 20 + 4 + 1 = 25) has been reconstructed by merging the 3-D
models computed from each pair of views (Fig. 15c). The ﬁnal
maximum re-projection error on the 640  480 pixels image, is
0.365 pixels. In Fig. 15d, a toy car is considered. In this case,
only 14 points are corresponding in all views, 13 points are
corresponding only in hci–hv[1]i (see Fig. 15e, top left), 15 points
are corresponding in hci–hv[2]i (Fig. 15e, top right), and 14 points
are corresponding only in hv[1]i–hv[2] i (Fig. 15e, bottom). The 3-D
location of all the 56 points has been reconstructed in the ﬁnal
model (see Fig. 15f). The maximum re-projection error in this case,
is 0.413 pixels.

In this paper we have considered the case of an eye-in-hand
robot observing an unknown 3-D scene both directly and reﬂected
through multiple planar mirrors. The peculiar imaging properties
of this setup have been investigated, and both the image-based
camera localization and the 3-D scene reconstruction problems
have been addressed. Extensive simulation and experimental
results have been presented in order to illustrate the theory and
show the applicability of the proposed methods in the real world.
While the accommodation of a real object and its mirror reﬂections may lead to a reduction of the effective image resolution, the
fast-growing resolution of commercial cameras is expected to mitigate this issue in the near future, thus contributing to the larger
diffusion of planar catadioptric vision sensors. The extension of
the results of this paper to multiple camera networks [27] and to
(partially) uncalibrated cameras are subjects of on-going research.
Future investigations also aim to design fully-automatic algorithms for robust correspondence matching, and to extend the
three-view geometry [31, Part III] to two-mirror planar catadioptric systems (preliminary steps in this direction have been recently
taken in [44]).
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Appendix A. Proof of Proposition 1
e ½k is given by,
~ ½k of the virtual point X
The perspective projection u

ðA:1Þ

From geometrical considerations in Fig. 2, we see that,
X[k] = X + 2dnk and since d = dk  XTnk, then X[k] can be rewritten as,



X½k ¼ I  2nk nTk X þ 2dk nk ;

ðB:1Þ

Let us assume that the intrinsic camera calibration matrix is given
by,

2

u0

3

fx
6
K ¼ 40

s
fy

v 0 75;

0

0

1

where fx, fy (pixels) denote the focal lengths of the camera along the
x and y directions, s is the skew factor and (u0, v0) (pixels) is the
principal point of the CCD. From the perspective projection model
~ ½k and X ¼ kK1 u
~ , and (B.1) can be rewritten
we have Xv ¼ kk K1 u
as follows,

~ ½k ¼ kS½k K1 u
~ þ 2dk nk ;
kk K1 u

ðB:2Þ

þ

where kk ; k 2 R are unknown depths. Simple matrix manipulations
on (B.2), lead directly to the epipolar constraint,

~ ½k ÞT KT ð2dk ½nk  S½k ÞK1 u
~ ¼ 0;
ðu

7. Conclusions and future work

e ½k :
~ ½k ¼ K½I 0 X
kk u

Xv ¼ S½k X þ 2dk nk :

11

ðA:2Þ

from which it follows directly the expression of D[k] in (2) and of the
projection u[k] of X[k] in (1). h
Appendix B. Proof of Proposition 3
Let X and Xv be the 3-D coordinates of a point in the camera
frames hci and hv[k]i, respectively (see Fig. 4). Using (3) and (A.2),
we see that X and Xv are related by the following rigid-body
transformation,

from which we have that F[k] = KTE[k]K1 where E[k] = 2dk[nk]S[k].
Owing to the deﬁnition of S[k] in Proposition 1, we ﬁnally
obtain (4). h
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