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abstract
Due to their wide field of view, omnidirectional cameras are becoming ubiquitous in many mobile robotic
applications. A challenging problem consists of using these sensors, mounted on mobile robotic platforms,
as visual compasses (VCs) to provide an estimate of the rotational motion of the camera/robot from the
omnidirectional video stream. Existing VC algorithms suffer from some practical limitations, since they
require a precise knowledge either of the camera-calibration parameters, or the 3-D geometry of the
observed scene. In this paper we present a novel multiple-view geometry constraint for paracatadioptric
views of lines in 3-D, that we use to design a VC algorithm that does not require either the knowledge of
the camera calibration parameters, or the 3-D scene geometry. In addition, our algorithm runs in real time
since it relies on a closed-form estimate of the camera/robot rotation, and can address the image-feature
correspondence problem. Extensive simulations and experiments with real robots have been performed
to show the accuracy and robustness of the proposed method.
© 2012 Elsevier B.V. All rights reserved.

1. Introduction
1.1. Motivation and original contribution
In the last decade, we have witnessed a growing interest in
autonomous robot navigation, for which the accurate estimation
of the pose (i.e., orientation and translation) from sensor readings,
represents a crucial issue [1–5]. Current on-board localization
systems suffer from several limitations: for example, standard
GPS cannot be used indoors because of the absence of a line of
sight to the satellite constellation. IMUs (Inertial Measurement
Units) are used to provide an estimate of ego-motion of the robot
through double integration of sensed accelerations; however even
small errors will be integrated over time, thus resulting in large
localization error over long paths.
Passive vision sensors have long been advertised as a valid
alternative or as a support to the above indoor-localization
systems: in fact, cameras are inexpensive and provide a richer
information of the surroundings than other traditional sensors
(e.g., laser range finders or sonars).
In particular, paracatadioptric cameras combine a parabolic
mirror (catoptric) and a refractive lens (dioptric) [6] to provide a
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field of view wider than standard pinhole cameras, thus resulting
in a larger number of observed features. Although these sensors
have been extensively studied in the literature [7,8], some of their
geometric properties have yet to be fully explored, such as the
multi-view constraints relating projections of 3-D lines which are
common in many man-made environments [9].
In this paper, we are interested in exploiting such multiview geometric constraints for robot-mounted paracatadioptric
cameras, to design an efficient and robust visual compass (VC)
algorithm. VCs provide an estimate of the camera/robot rotational
motion by using only image features observed in a video
sequence. Besides localization, VCs find natural application in
autonomous robot motion estimation and navigation [10–17],
visual servoing and homing [18,19], distributed localization of
camera networks [20], SLAM [2], and real-time generation of 3-D
models using vision sensors (structure-from-motion) [21–23].
Several VC algorithms for pinhole and omnidirectional cameras
have been proposed in the literature (cf., Section 1.2). However,
most of them work under restrictive assumptions that limit
their applicability and performance in real scenarios. First among
them is the assumption of known camera calibration parameters;
however, incorrect knowledge of such parameters can easily lead
to a biased camera-rotation estimate. Other approaches assume an
a priori knowledge of some geometric properties of the 3-D scene,
e.g., the correspondence of the associated image projections, or
the metric relationship in the 3-D. Finally, other methods can only
estimate the camera rotation after a learning phase, thus requiring
the robot to perform a preliminary exploration of the environment.
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In this paper we present a new VC algorithm which estimates
the camera/robot rotation angle between pairs of paracatadioptric
views. The proposed algorithm is based on new multi-view
geometric constraints, which are valid for the projection of line
features, commonly found in indoor and urban environments.
Moreover, our VC algorithm improves over the existing approaches
in several distinctive ways: (i) the algorithm provides a closed-form
estimate of the rotation angle and it is thus suitable for a real-time
implementation; (ii) the algorithm does not require knowledge
of image-feature correspondence; and (iii) the algorithm is
uncalibrated, i.e., it does not need any preliminary camera/mirror
intrinsic calibration phase.
Given two paracatadioptric images taken by a moving camera/robot at two distinct locations, our VC algorithm makes joint
use of two new multi-view geometric properties to provide an accurate estimate of the camera/robot rotation angle by only relying
on the image projection of 3-D parallel lines. Since these image features are either circles or lines, we call these constraints disparitycircles constraint and disparity-lines constraint, respectively. We use
a voting scheme to initially prune the set of candidate image features corresponding to the projection of parallel 3-D lines. A refined estimate of the rotation angle is then provided by means of
RANSAC over this reduced set of candidates. We performed extensive simulations and indoor/outdoor real-data experiments on
robotic platforms which demonstrate that the proposed algorithm
is fast, accurate, and robust to image noise and outliers.
This work is based in part on previous material presented in
[24,25], compared to which we provide herein a more extended
theory that includes the disparity-lines constraint, we design a
more accurate and robust VC algorithm, and we present a more
extensive experimental validation.
1.2. Related work and organization
Several VC algorithms have been proposed in the recent
robotics literature. In [26], lines in a single pinhole view are used
to exploit the vanishing points. The camera calibration parameters,
however, are assumed to be known and an initialization stage
is necessary to estimate the camera orientation with respect
to the scene. A correspondence-free VC algorithm has been
presented in [27]: nevertheless, the internal camera-calibration
parameters are assumed to be known and the algorithm (at its
present stage) is not suitable for a real-time implementation.
In [28] a simultaneous localization and mapping method has been
proposed: it uses a purely-rotating hand-held low-cost calibrated
camera as a sensor and distant points as features. The features
are initialized and deleted on-the-fly and their position is tracked
using an extended Kalman filter (EKF) bank. Because of the reduced
number of features (about a hundred), and the sequential EKF
approach employed, the method can be implemented in realtime at standard video rates. However, the underlying assumption
of features at large distances (ideally at infinity) limits the
applicability of the algorithm to vast outdoor environments.
An appearance-based VC algorithm has been presented in [29].
The camera/robot compares each captured image with the previous one and computes the Manhattan distance between them. The
new image is then rotated pixel-wise in the horizontal direction in
order to find the rotation under which the distance becomes minimal: such rotation is provided to the robot as differential compass
information. While the approach is conceptually simple, the algorithm is computationally expensive and prone to long-term drifting. An appearance-based method similar to [29] is used in [30] to
estimate the ego-motion of a ground vehicle equipped with a calibrated panoramic camera. However, similarly to [28], the approach
appears best suited for vehicles moving over long paths in large
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outdoor environments. This is also one of the features of the realtime algorithm recently proposed in [31], where the full-axis orientation of a camera/robot is estimated from the vanishing points
extracted in calibrated omnidirectional images.
Finally, in [32], the images obtained from a calibrated monocular camera are split into vertical sectors and a color-class transition
pattern is statistically derived by counting. The approach requires
a preliminary training phase in which the camera/robot creates an
1-D cylindrical map of its surroundings by taking multiple snapshots in different directions. In a successive localization phase,
the orientation of the robot is estimated by matching the current
color transition pattern with the stored model, using a maximumlikelihood estimator.
The rest of the paper is organized as follows. Section 2 reviews
some basic facts about paracatadioptric projection of 3-D lines. In
Section 3, the disparity-circles and disparity-lines constraints are
introduced. In Section 4, the VC algorithm is described in detail.
The robustness of the proposed algorithm is shown via simulation
and real-data experiments in Section 5. In Section 6, the main
contributions of the paper are summarized and possible avenues
for future research are discussed.
2. Basics on paracatadioptric projection of 3-D lines
Fig. 1 illustrates the imaging model of a paracatadioptric camera
with mirror focus at O; a generic 3-D scene point X ∈ R3 (expressed
in the mirror frame {M }) is projected onto the parabolic mirror
surface at x ∈ R3 through O. Then, an orthographic projection
maps x at u (pixels), onto the image plane I . The transformation
from X to u is analytically described by a nonlinear function η :
R3 → R2 that depends on both the camera intrinsic calibration
parameters and the mirror geometry [33,7].
Let us now consider the case in which a generic 3-D line
L is observed by the paracatadioptric camera. We refer to the
interpretation plane as the plane with normal vector n =
[nx , ny , nz ]T (in {M }) that passes through L and O.
Proposition 1 (Paracatadioptric Line Image [8]). Consider the setup
in Fig. 1, where a line L is observed by a paracatadioptric camera at O.
If nz ̸= 0, then L projects onto the image plane I at a circle C with
center c (pixels) given by,


c = u0 − 2 af

nx ny

,

nz nz

T

,

and radius r (pixels) given by,
r =

2 af
nz

,

where a is the focal parameter of the parabolic mirror (i.e., the distance
from the focus to the vertex of the paraboloid), u0 , [u0 , v0 ]T the
optical center (in pixels), and f (pixels) the focal length of the camera.
In Proposition 1, we have assumed that the line L is in a generic
3-D configuration. In the special case of a line orthogonal to the
image plane I (see Fig. 2), the projected circle C reduces to an image
line ℓ through u0 , as stated in the next proposition. We henceforth
refer to this category of lines L as vertical lines.
Proposition 2 (Paracatadioptric Vertical-Line Image). Consider the
setup in Fig. 2, where a vertical line L is displaced of b = [bx , by , bz ]T
(with respect to {M }). The line L is observed by a paracatadioptric
camera displaced of (Rz ,θ , t) with respect to the world frame {W },
where
cos θ
Rz ,θ ,
sin θ




− sin θ
,
cos θ

(1)
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3.1. Disparity-circles constraint
The following theorem is the main result of this section:
Theorem 1 (Disparity-Circles Constraint). Consider the two-views
setup shown in Fig. 3(a) in which the current view at O is rotated
about the z-axis of an angle θ ∈ (−π /2, π /2] and translated of
t ∈ R3 (with respect to the reference view at O′ ). Two generic 3-D
parallel lines Li and Lj are projected onto the two views at two circle
pairs (Ci , Cj ) and (Ci′ , Cj′ ) in the image planes I and I ′ , respectively
(see Fig. 3 (b)–(c)). Let the centers of the image circles be (ci , cj ) and
(c′i , c′j ), then the following constraint holds true:
e′ji = Rz ,θ eji ,

(3)

where the unit vectors,
eji ,
Fig. 1. Projection of a 3-D line L. The interpretation plane passes through the focus
O of the parabolic mirror and the line L, and intersects the mirror at a curve that is
orthographically projected at a circle C onto the image plane I (with center c and
radius r).

cj − ci

∥cj − ci ∥

,

e′ji ,

c′j − c′i

∥c′j − c′i ∥

,

and Rz ,θ is as in Eq. (1).
Proof. Let ni , [nix niy niz ]T be the normal vector to the
interpretation plane passing through Li and O. Then the following
condition is satisfied:
n′i =





Rz ,θ
0T

0
n,
1 i

(4)

where n′i is the normal vector to the interpretation plane expressed
in the camera frame at O′ and 0 is a 2 × 1 vector of zeros. From (4)
it follows that
n′i z = niz .

(5)

By considering the first two equations in (4) and dividing them by
niz , from (5) we obtain



n′i x



 nix 

 n′  
cos θ
 iz 
 ′  = sin θ
 ni y 

− sin θ  niz 
,
cos θ  niy 

n′i z



niz

that, owing to Proposition 1, is equivalent to
Fig. 2. Projection of a 3-D vertical line L. The interpretation plane intersects the
mirror at a curve that is orthographically projected onto the image plane at a line ℓ
passing through the optical center u0 and with a slope ϕ with respect to the image
horizontal axis.

u0 − c′i = Rz ,θ (u0 − ci ) .

and t , [tx , ty , tz ]T . Under the previous assumptions, L projects onto
the image I at a line ℓ = [cos ϕ, sin ϕ]T which passes through the
optical center u0 , with slope

The disparity-circles constraint can be generalized to the case
of m > 2 parallel lines Lk , k ∈ {1, . . . , m}. To this end, let us recall
the following geometric property:

ϕ = arctan



sin θ (bx − tx ) + cos θ (by − ty )
cos θ (bx − tx ) − sin θ (by − ty )

Proof. See the Appendix.



.

(2)



3. Multiple-view paracatadioptric line constraints
Based on the results of Proposition 1, in this section we
introduce new multi-view geometry constraints that relate the
image projections of 3-D lines on two paracatadioptric views, the
current and reference view, respectively. This constraint, which
we called disparity-circles constraint, will be used in Section 4 to
design the VC algorithm for the estimation of the camera rotation
angle. Our VC algorithm leverages also a second constraint, called
disparity-lines constraint (based on the result of Proposition 2), to
provide a refined estimate of the camera rotation angle.
Without loss of generality, we henceforth assume that the
reference view at O′ coincides with the world frame {W }. As a
consequence, our goal will be to estimate the rotation angle θ .

(6)

By subtracting from (6) the corresponding expression for the
center ci , Eq. (3) is obtained. 

Proposition 3 (Collinearity of Circles’ Center [34]). A set of m 3-D
parallel lines Lk , k ∈ {1, . . . , m} is projected onto the image plane
of a paracatadioptric camera at the circles C1 , . . . , Cm whose centers
c1 , . . . , cm belong to a common line (e.g., see Fig. 4(c)). This line is
perpendicular to the segment joining the two points of intersection of
the m circles (the vanishing points), and passing through the image
center.
A consequence of Proposition 3 is that the difference vectors eji
between the circles’
 m  centers are all equal (up to a scale factor) for
all the possible 2 pairs of centers (cj , ci ). The above reasoning is
formalized in the following corollary:
Corollary 1 (Generalized Disparity-Circles Constraint). Let there be
given a set of m 3-D parallel lines Lk , k ∈ {1, . . . , m}. Each pair of
projected lines satisfies the disparity − circles constraint, that is,
e′ji = Rz ,θ eji ,
c −c

(7)
c′ −c′

where eji , ∥cj −ci ∥ and e′ji , ∥cj′ −ci′ ∥ .
j
i
j
i

4

G.L. Mariottini et al. / Robotics and Autonomous Systems (

)

–

Fig. 3. Disparity-circles constraint. (a) Two paracatadioptric cameras are displaced of (Rz ,θ , t) and observe two generic 3-D parallel lines Li and Lj . (b)–(c) The two lines
project in each image plane I and I ′ , at two circle pairs (Ci , Cj ) and (Ci′ , Cj′ ), respectively. From the centers of the circles we obtain the vectors e′ji and eji which are rotated
by an angle θ ∈ (−π/2, π/2].

It is important to note that Corollary 1 does not need the
correspondence between lines, but it only requires the observed
lines to be parallel in 3-D. This is a useful property since, given
two catadioptric views, it is generally difficult to establish the
exact correspondence between lines. Our VC algorithm will use the
disparity-circles constraint in a voting scheme, in order to find a set
of candidate parallel 3-D lines.
In order to give the reader some geometric insight into the
results of Corollary 1 and Proposition 3, we illustrate them with
a simple example.
Example. Consider the setup in Fig. 4(a) where the current view at
O is rotated by θ about the z-axis and translated by t with respect to
the reference view at O′ . Three generic 3-D parallel lines L1 , L2 and
L3 are projected at three circles (C1 , C2 , C3 ) and (C1′ , C2′ , C3′ ) onto
the two image planes I and I ′ . These circles have centers c1 , c2 , c3
and c′1 , c′2 , c′3 , respectively (see Fig. 4(b)–(c)). From Proposition 3,
c1 , c2 , c3 (analogously, c′1 , c′2 , c′3 ) are collinear. This means that all
the following difference vector pairs, even if not corresponding to
the same 3-D line, satisfy the disparity-circles constraint:

(e12 , e′12 ), (e12 , e′13 ), (e12 , e′23 ), (e13 , e′12 ), (e13 , e′13 ), (e13 , e′23 ),
(e23 , e′12 ), (e23 , e′13 ), (e23 , e′23 ).
Remark 1. It is important to emphasize at this point that
the disparity-circles constraint (which will be used in our VC
algorithm) can be verified without the need of any a priori
knowledge of the intrinsic camera-calibration matrix. This is a
major difference with respect to using other multi-view geometry
properties (such as the essential matrix constraint, or those related

to the estimation of the vanishing point [35]) that require the
camera intrinsic parameters to be a priori known.
3.2. Disparity-lines constraint
The results presented in the previous section can be extended
to the case of 3-D lines orthogonal to the camera plane of motion.
This can be considered as a singular case for the disparity-circles
constraint, since these 3-D lines do not project to circles, but to
lines in the image plane.
Under some stricter assumptions, we show here that a constraint similar to (3) holds also for this category of lines. Our VC algorithm will leverage this constraint to improve the estimate of θ .
Proposition 4 (Disparity-Lines Constraint). Consider the setup of
Fig. 5(a) where the current view at O is rotated by θ ∈ (−π /2, π /2]
about the z-axis1 with respect to the reference view at O′ . A
3-D vertical line L is projected onto I and I ′ at two lines ℓ ,
[cos ϕ, sin ϕ]T and ℓ′ , [cos ϕ ′ , sin ϕ ′ ]T , respectively. Then, the
following constraint holds true:

ℓ′ = Rz ,θ ℓ.

(8)

Proof. Without loss of generality let us suppose that a pure
translational motion t = [0, 0, tz ]T exists between the two views
at O′ and O (i.e., θ = 0). Observing that by construction the third

1 A translation t = [0, 0, t ]T can also occur between the two views, but it is not
z
shown in Fig. 5(a) for the sake of clarity.
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Fig. 4. Example. (a) Two paracatadioptric cameras, rotated by θ about the z-axis and translated by t, observe three parallel lines L1 , L2 and L3 . (b)–(c) The lines are projected
onto the image planes I and I ′ , at the circles (C1 , C2 , C3 ) and (C1′ , C2′ , C3′ ), respectively. The centers of the circles c1 , c2 , c3 and c′1 , c′2 , c′3 lie on the perpendicular bisector of
the line joining the points of intersection of the circles. Hence, the vectors e21 , e31 and e32 (and analogously e′21 , e′31 and e′32 ) are collinear.

component nz of the unit vector n is zero, from (2) and bT n = 0
(see Fig. 5(a)), we have that the slope µ of the line ℓ is given by

µ=−

nx
ny

.

(9)

Because of the assumption tx = ty = 0 and since (9) holds, it is
easy to show that the slope of the line ℓ′ is given by:

µ′ =

tan θ + µ
1 − µ tan θ

Let us refer to
(respectively, ℓ)
tan ϕ ′ and µ =
calculations, we
given by

θ = arctan



.

(10)

ϕ ′ (respectively, ϕ ) as the angle between ℓ′
and its own horizontal image axis. Since µ′ =
tan ϕ , by plugging them into (10), after simple
find that the angle θ between the two views is

sin ϕ ′ cos ϕ − sin ϕ cos ϕ ′
cos ϕ cos ϕ ′ + sin ϕ sin ϕ ′



= ϕ ′ − ϕ.

This implies that tan ϕ ′ = tan(θ + ϕ), from which (8) follows.



Note that Proposition 4 is more restrictive than Theorem 1.
In particular, given m > 2 vertical lines, for the disparitylines constraint to hold, it is always necessary that the lines
are corresponding. Moreover, differently from the disparity-circles
constraint, the disparity-lines constraint is valid only in the case of
tx = ty = 0. Finally, it requires the coordinates of the principal
point of the camera to be known.

4. Visual compass algorithm
In this section we present our visual compass algorithm, which
provides a closed-form estimate of the rotation angle θ between
two paracatadioptric views, by using only image features (circles
and lines, cf., Theorem 1 and Proposition 4) corresponding to the
projection of 3-D parallel lines.
The algorithm uses the multiple-view geometric constraints
introduced in Section 3 in order to simultaneously estimate θ and
find pairs of lines which are parallel in 3-D.
In what follows, we assume that a set of n circles and p lines
have been detected (cf., Section 5) in the current image I (and
analogously a set of n′ circles and p′ lines have been detected in
the reference image I ′ ). For each circle and line, its center ci (c′i ) and
slope ϕi (ϕi′ ) are computed, respectively, as detailed in Section 5.3.
The VC algorithm uses the centers and slopes to estimate θ in
three phases, illustrated in Fig. 6: in Phase 1, the disparity-circles
constraint is used to provide an initial estimate of the rotation angle
θ and to compute the set of circles with the highest consensus
over that estimate (i.e., the inliers). These inliers are then used to
perform a batch (least-squares) estimate of the angle θ . During
Phase 2, the angle 
θ estimated in Phase 1 is used in the disparitylines constraint to detect corresponding vertical lines. In Phase 3,
a batch estimate exploits all the inlier circles and lines, obtained in
Phases 1 and 2, in order to provide a refined final estimate of θ .
It is worth pointing out here that, since our algorithm will
only process consecutive frames during the robot motion, the
theoretical assumption of a range (−π /2, π /2] for θ (as in
Theorem 1 and Proposition 4) does not represent an issue in
practice.
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Fig. 5. Disparity-lines constraint. (a) Two paracatadioptric cameras are rotated by
an angle θ about the z-axis and observe a vertical line L. (b)–(c) L is projected onto
the image planes I and I ′ at two lines ℓ and ℓ′ that are rotated by an angle θ .

Phase 1
In the first step of Phase 1 (cf., Fig. 6) we use the result of
Proposition 3 to eliminate those lines that are not parallel in 3-D.
We do this by selecting the subset of those q ≤ n circles whose
centers {ci } and {c′i } are all aligned (cf., Proposition 3); this subset
can be obtained by selecting the inliers from a RANSAC-based linefitting algorithm through all the circles’ centers.
The main goal in the second step of Phase 1 is to use a voting
scheme to find pairs of lines which are parallel in 3-D. These lines
are deemed as inliers (corresponding) and will be used in the third
step to estimate the camera rotation.
 q  These inliers are found by
first generating all the possible 2 center-difference pairs {eji }
(cf., Corollary 1) (an analogous set {e′ji } is obtained for all the

 ′
q
2

possible combinations in the reference image). Then, for each

association zk , {e′ji , eji }, k ∈ {1, . . . , N }, N =

 q   q′ 
2

2

, we

compute an estimate of θ by solving the following optimization
problem,
min

Rz ,θ ∈SO(2)

∥Y − Rz ,θ X∥F ,

(11)

where ∥ · ∥F denotes the Frobenius norm and Y , e′ji , X , eji . As is
known [36], the solution of the Procruste’s problem in (11) can be
obtained through the singular value decomposition (SVD) of XYT ,
i.e.,
Rz ,θ = VUT

where XYT = UΣ VT ,

)

–

Fig. 6. Flow chart of the VC algorithm.

first discretized into bins of size δθ . As an estimate of θ is obtained
for a given zk , we use a voting scheme and increment the score for
the corresponding bin. At the same time, zk is also stored. When a
score peak in this space is eventually found, then we mark as inlier
the set {zk } of all those circles’ center pairs that contributed to that
peak.
In the third step of Phase 1, we use these inliers to obtain an
estimate of θ using (11), where X and Y are now matrices whose
columns are the center-difference pairs corresponding to all the
inliers.
Note that Phase 1 could be ideally iterated over the remaining
data to identify other sets of parallel lines belonging to other
dominant vanishing directions, which were not captured in a
previous iteration. In our experiments (cf., Section 5), since a high
percentage of lines was found to belong only to one dominant
direction, this iterative step was not implemented.
Phases 2 and 3
In Phase 2, the rotation angle 
θ computed in Phase 1 is used
to detect when the camera undergoes a (almost) pure rotational
motion. In particular, the VC algorithm verifies the fulfillment of
the disparity-lines constraint in (8) with both 
θ , and with each pair
of corresponding vertical lines (ℓi , ℓ′i ) tracked in the image plane
with a line-tracking library [37].2 If the constraint is less than a

(12)

Σ being a diagonal matrix with the singular values on the diagonal.
Note that in this second step of Phase 1, the possible values of θ are

2 Note that in the case of non-sequential video frames, other techniques, such as
line descriptors matching [38], could be used for the same purpose.
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threshold τ for more than 80% of the total number of lines, then
these are added as column vectors to the matrices X and Y in (11).
These updated matrices are then used in Phase 3 to finally return a
batch estimate of θ .
Remarks
We conclude this section with some remarks on the main
features of our VC algorithm.

• The proposed algorithm is uncalibrated in the sense that it does
•

•

•

•

not require any prior knowledge about the internal camera
calibration parameters (i.e., both lens and mirror parameters).
Thanks to our multi-view geometric constraints, the VC algorithm is correspondence-free, in the sense that it automatically
detects the lines that are parallel in 3-D.
A (theoretical) minimum of two 3-D parallel lines is sufficient
to compute an initial estimate of the angle θ . Note that
the existence of parallel lines is a reasonable assumption in
many man-made environments (e.g., buildings, streets, rooms,
corridors): obviously, in practice, more than two parallel lines
are needed to obtain a robust estimate of θ .
The algorithm makes use of the disparity-circles and disparitylines constraints introduced in Section 3 and it provides a
closed-form estimate (through SVD) of the camera rotation
angle. This makes the algorithm computationally efficient and
suited for real-time implementation (see the experimental
results in Section 5). The use of RANSAC brings robustness with
respect to possible outliers.
Phase 2 of the VC algorithm automatically detects when no (or
very small) translational displacement occurs between the two
paracatadioptric views: vertical lines can then be added to the
optimization problem in (11), thus improving the final estimate
of the camera rotation angle.

5. Experimental validation
In order to test the accuracy and robustness of the proposed
VC algorithm, we conducted extensive numerical simulations (see
Section 5.1) and experimental tests (see Sections 5.2–5.4).
5.1. Simulation results
The simulation results reported in this section have been obtained using the Epipolar Geometry Toolbox (EGT) for MATLAB [39].
For the sake of generality, we implemented the unified panoramiccamera imaging model by Geyer and Daniilidis [7] which describes
any central panoramic camera projection as a projection between
a sphere and a plane.
In order to test the accuracy and robustness of our algorithm
to noisy image data, we added zero-mean white Gaussian noise
with increasing standard deviation σ ∈ {0, 0.5, . . . , 2} (pixels).
We did not assume any knowledge about line correspondences
and selected a bin δθ = 1°. In the simulation, the camera/robot
moves along a closed trajectory of total length 12 m (see Fig. 7),
and the angle θ (t ) is estimated at each time t using the current
view and the view at the previous time instant. The trajectory is
made out of 85 samples, and the camera observes ten lines (five
of which are vertical). Fig. 8 shows the mean and the standard
deviation of the rotation-estimation error |
θ −θ | obtained from the
VC algorithm. These values have been computed by averaging the
rotation errors over each camera pose along the entire trajectory,
and on a total of 100 realizations. From Fig. 8, we observe that the
proposed algorithm is robust against image noise and exhibits a
maximum rotation-estimation error of 1.6° for σ = 2 pixels.

Fig. 7. Simulation. The camera/robot moves along a closed trajectory of
approximately 12 m. The imaging model adopted for the paracatadioptric camera
is the one introduced in [7], that is equivalent to the one presented in Section 2.

Fig. 8. Simulation results on noisy image data. Mean and standard deviation of the
camera rotation-estimation error |
θ − θ |. The values are obtained by averaging the
rotation errors over each camera pose along the entire trajectory, and on an overall
of 100 realizations.

We also tested the effectiveness and robustness of the proposed
VC algorithm in the case of floor irregularities. In particular, we
simulated additional (random) rotations (from 0 to 12°) about
the camera’s x- and y-axes for each path location (a random
image noise with standard deviation of 1.5 pixels has been used).
Fig. 9 shows the mean and the standard deviation of the rotationestimation error |
θ − θ| computed by averaging the rotation errors
over each camera pose and over the entire trajectory (for a total
of 50 realizations). From Fig. 9 we observe that the performance
of our VC algorithm is not critically affected by floor irregularities
that are frequently encountered in real-world navigation (cf. also
Section 5.4).
Note that the numerical simulations presented in this section do
not take image blur or changing lighting conditions into account.
The robustness of our algorithm to such sources of error is
demonstrated through extensive real-world experiments in the
next sections.
5.2. Implementation of the VC algorithm in OpenCV
In order to test the performance of our VC algorithm in a
real-world scenario, we implemented it using Intel’s OpenCV
library [40]. Our software implementation consists of two phases,
as illustrated in Algorithm 1: during Phase 1, given any two frames,
our code automatically extracts the image features (circles and
lines) and stores them in memory. In Phase 2, the VC algorithm
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estimated by extracting the center of the circle that best fits the
central black-hole area in the image. This is done by adopting a
large window size for the median filter and then by applying a
Hough circle-transform [41] to detect the central hole region using
edge points obtained by the Canny edge-detector.
Algorithm 1 Implementation of the VC algorithm

Fig. 9. Simulation results on uneven floor. Mean and standard deviation of the
camera rotation-estimation error |
θ − θ | when normally-distributed random
rotations (with zero mean and standard deviation σu ) about the x- and y-axes are
introduced, and a random image noise with standard deviation of 1.5 pixels is used.
The values are obtained by averaging the rotation errors over each camera pose
along the entire trajectory, and on an overall of 50 realizations.

is used to initially find the corresponding features, as well as to
estimate the angle θ between these two views. In Phase 3, as the
camera moves, a feature tracker is used to avoid the estimation of
the matches at each time frame, and only the batch-estimate of the
angle θ is used from VC. However, note that if the tracked features
are lost (e.g., due to image blur because of sudden camera motion),
Phase 2 is repeated in order to find the matches and to re-initialize
the tracker.
Fig. 10 illustrates the image-processing steps of Phase 1 in
detail: in Step 1 (see Fig. 10(b)) the current image is first filtered
with a median filter and the optical center u0 of the camera is

(a) Initial image.

(b) Step 1.

(d) Step 3.

(e) Step 4.

Phase 1 (Feature Detection):
1: Filter the two images with a median filter and use the Hough
transform to estimate the optical center u0 (Fig. 10(b)).
2: Remove the circle corresponding to the camera’s black hole
and apply the Canny edge-detector. Use erosion, expansion and
edge linking to create a list of sequential edge points (and to
remove small contours) (Fig. 10(c)).
′
3: Detect the image lines ℓi and ℓj and discard those that do not
pass in a given neighborhood of the optical center (Fig. 10(d)).
4: Remove the lines found at Step 3 (Fig. 10(e)).
′
5: Detect the circles Ci and Cj using the Hough circle-transform,
and use RANSAC to estimate the circles’ centers ci and c′j
(Fig. 10(f)).
Phase 2 (Initial Estimation):
1: Use the current image features (circles’ centers and lines in
both images) as input to the VC algorithm (cf. Fig. 6) and
estimate both θ and the feature matches.
Phase 3 (Feature Tracking and Estimation):
1: while the robot moves do
2:
Use the ViSP software [37] to track circles and lines from the
previous to the current frame.
3:
Use the tracked circles’ centers and lines as input to the VC
algorithm (cf. Fig. 6) and estimate θ .
4:
if image blur occurs then go to Phase 2.
5: end while

(c) Step 2.

(f) Step 5.

Fig. 10. Steps of Phase 1 of the VC algorithm. (a) Initial image. (b) Detection of the optical center u0 (Step 1). (c) Canny edge detection and edge linking (Step 2). (d) Detection
of the vertical lines (Step 3). (e) Contour lines removal (Step 4). (f) Detection of the circles (Step 5).
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Fig. 11. Paracatadioptric camera mounted on the end-effector of the KUKA robot
manipulator.

In Step 2, the Canny edge-detector is adopted to extract all the
image edges (without the central hole detected in Step 1) (see
Fig. 10(c)). Erosion, expansion and edge linking are then employed
to remove small edges and create a list of sequential edge points.
In Step 3, we use the Hough transform in order to detect image
lines ℓ′i passing through u0 (see Fig. 10(d)), and in Step 4 all the
edges associated with these lines are eliminated (see Fig. 10(e)).
In Step 5, we apply a Hough circle-transform to detect clusters of
points belonging to circles. Finally, on the points of each cluster,
we run a RANSAC-based circle-fitting algorithm to detect all the
remaining inliers and to provide a robust estimate of the circles’
centers.
In Step 2 of Phase 3 (see Algorithm 1), we used the ViSP
software [37] to track edge points on the circles among consecutive
images. The circles’ centers in the new image are then obtained by
using a RANSAC-based circle-fitting algorithm.
In the next two sections, we present the validation of our VC
algorithm on a KUKA robot manipulator and on a Pioneer robot.
The algorithm runs in real time at an average frame rate of 15
frames per second on a Mac Book with 4 GB RAM, 2.26 GHz
Intel Core Duo CPU and a NVIDIA GeForce 9400M graphics card.
In all the experiments we used a Remote Reality NetVision360
paracatadioptric mirror screwed on a Lumenera LU071C pinhole
camera. As detailed below, an accurate ground truth was available
in all our tests.
In order to give a better insight into the performances of
the proposed algorithm, in all experiments we compared the
cumulative angle-estimation error E at each time frame i, E =

| ij=1 (θ̂j − θj )|, when vertical lines are (or are not) used. As
reported in Sections 5.3–5.4, the introduction of lines in the VC
algorithm increases the estimation accuracy.
It is worth noting that in real-world experiments, the fulfillment
of the disparity-lines constraint depends on the threshold value
τ (see Section 4). In particular, depending on the displacement of
the vertical lines with respect to the camera and the camera interframe motion, the disparity-lines constraint may also be satisfied
if the camera is not purely rotating.
The videos of the real-time experiments are available at the web
address reported below.3
5.3. Indoor experiments with the KUKA robot manipulator
In the experiments described in this section, the paracatadioptric camera was mounted on the end-effector of a 6-DOF KUKA KR 3
manipulator (see Fig. 11). We decided to use this robot because of
its highly-accurate measurements of the camera rotational motion
(of the order of tenths of a degree), that we adopted as a ground

3 http://sirslab.dii.unisi.it/research/vision/visual-compass
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truth. We used the KUKA Control Toolbox (KCT) [42] for MATLAB to
generate different test robot trajectories for the VC algorithm.
Fig. 12 shows the results of the two experiments performed
with the manipulator: in the first case we considered a total of
eleven 3-D lines while in the second case a total number of twelve
3-D lines was used for the VC algorithm. In the first experiment,
the camera moves at constant height along a 20 cm × 20 cm
square path, rotating counterclockwise by an overall angle of 20°
(see Fig. 12(a)). As shown in Fig. 12(c), the cumulative error E of
the VC algorithm is lower (less than 0.3°) when both circles and
lines are used. In this case, the average estimation error |
θ − θ|
between consecutive frames is 0.0257° with a standard deviation
of 0.0243°.
In the second experiment, the camera moves clockwise along a
triangular trajectory (the length of the base of the isosceles triangle
is around 60 cm) rotating by an overall angle of 208° with respect
to the initial frame (see Fig. 12(b)). In this case, the introduction
of lines in the VC algorithm generates a cumulative error E lower
than 0.5° (see Fig. 12(d)) and an average estimation error |
θ − θ|
of 0.0364° with a standard deviation of 0.0299°.
5.4. Experiments with the Pioneer robot
In order to test the effectiveness of our algorithm in the
presence of image blur, and larger translational displacements, we
performed two experimental tests with a paracatadioptric camera
mounted on a Pioneer robot (see Fig. 13). In the first experiment
the Pioneer moves in a corridor-like indoor environment, while
in the second experiment the robot travels in a larger outdoor
environment (the courtyard of the Department of Information
Engineering, University of Siena). Fig. 14(a)–(b) show the trajectory
of the robot superimposed onto the metric maps of each
environment.
The experimental conditions of our tests with the Pioneer robot
were more challenging than those with the KUKA manipulator, due
to changes in illumination, uneven tiled floor, wheel slippage and
sharp robot turns.
In both experiments, the Pioneer was remotely controlled along
a closed path and the ground truth of the rotation angle was
obtained from the laser-based SLAM algorithm with line features
proposed in [43].
In the first experiment, the maximum cumulative error E (using
both circles and lines), was 3.347° (see Fig. 14(c)) with an average
estimation error |
θ − θ | of 0.7402° and standard deviation of
0.8357°. Note that higher errors occurred in correspondence to
the robot’s turns, which led the ViSP tracker to lose the features
(thus affecting the estimation accuracy). In these cases, Phase 2
was run to estimate again the correspondences and to then restart the tracker and the rotation estimation procedure. Fig. 14(b)
shows the trajectory of the Pioneer in the second experiment,
and the first and last acquired frames. In this case, because of the
variable illumination conditions and greater floor irregularities,
the cumulative error obtained using circles and lines is sometimes
higher than in the previous experiment, but still lower than 8° (see
Fig. 14(d)) with an average estimation error |
θ − θ| of 0.5893°, and
a standard deviation equal to 1.5532°.
6. Conclusions and future work
In this paper we have presented two new multi-view geometric
properties for paracatadioptric cameras, called disparity-circles
and disparity-lines constraints. These constraints are the core
of a novel visual compass algorithm for the estimation of the
z-axis camera rotation angle. The proposed algorithm does not
require any prior knowledge on the internal camera calibration
parameters, is suitable for real-time implementation, and it only
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Final

Final

Initial

Initial

Fig. 12. Experiments with the KUKA robot. (a) In the first experiment the camera moves counterclockwise from the initial green position along a square trajectory rotating
between 0 and 20° with respect to the initial frame. (b) In the second experiment the camera moves clockwise from the green initial position along a closed triangular
trajectory rotating by an overall angle of 208° with respect to the initial frame. (c) and (d) show the time history of the cumulative error E for the two experiments, using
only circles (red dashed), and circles and lines (blue solid). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of
this article.)

sensors. The current version of our algorithm only computes the
yaw angle of the camera/robot; the extension of the proposed
algorithm to full-axis orientation estimation is a subject of ongoing research. Finally, work is in progress to extend the validity
of our uncalibrated algorithm to other central panoramic systems.
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Fig. 13. Pioneer robot equipped with a paracatadioptric camera: the readings from
the laser range finder and robot’s odometry have been used to compute the ground
truth of the rotation angle.

needs the image projection of 3-D parallel lines. We use RANSAC
and a voting scheme based on our new geometric constraints to
automatically solve the image-feature correspondence problem.
Extensive simulation and real-data experiments conducted with a
manipulator and a wheeled robot have demonstrated the accuracy
and robustness of the proposed visual compass.
In future research, we aim at improving the performance of
the ViSP circle-tracker (that, as pointed out in Section 5.4, showed
scarce robustness when the camera/robot executed sharp turns),
and at fusing the rotation estimates provided by our VC algorithm
with the measurements of other on-board inertial or odometric

Appendix. Proof of Proposition 2
A generic 3-D point that belongs to the vertical line L in Fig. 2
can be expressed as4 W X = W b + λ [0, 0, 1]T where λ ∈ R. Let
(Rz ,θ , t) be the 2×2 rotation matrix and the translation vector from
the mirror frame {M } to the world frame {W }. According to [8], the
paracatadioptric projection of W X in O is given by5

4 We will use a pre-superscript to indicate the coordinate frame a vector is
expressed in.
5 Without loss of generality we assume that the camera and the mirror frames
are aligned.
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d

Fig. 14. Experiments with the Pioneer robot. (a) In the first experiment, the Pioneer moves along a closed trajectory (an isosceles triangle with equal sides of length 2.68 m
and base of length 0.64 m), in a corridor-like indoor environment. (b) In the second experiment, the Pioneer moves along a closed trajectory in an outdoor courtyard. (c)
and (d) show the time history of the cumulative error E in the two experiments, using only circles (red dashed), and circles and lines (blue solid). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

u = KMc h̄(M X),

for the slope of the line ℓ in Fig. 2,

where X , Rz ,θ ( X − t),
M

f
0
0

0
f
0
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W

u0
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0
0
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1

0
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0

0
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For a given generic 3-D vector v = [vx , vy , vz ]T and for a
paracatadioptric camera, the vector-valued nonlinear function
h̄(v) is given by:
h̄(v) = [vx , vy , vz + ∥v∥]T .
It can be easily shown that the image projection u = [u, v]T (in
pixels) of W X, is given by
u = u0 +

cos θ (bx − tx ) − sin θ (by − ty )
,
sin θ (bx − tx ) + cos θ (by − ty )


×

2af
bz + λ − t z + ∥ M X ∥



(13)

with t = [tx , ty , tz ]T . By subtracting u0 on both sides of (13), and
dividing the second component by the first, we obtain the equation

(14)

which, as is natural, does not vary with λ. It is also interesting
to note that the slope does not vary with tz , i.e., the slope of
the projected line remains unchanged for different z-axis camera
displacements. 
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